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ADVEUTISBMEST. 

For the materials of the followmg little work, (ho Com- 
piler is indehtcd to West, Viiice, Lacroix, Bourdon, and 
Sauri. 

It is intended for the use of tliose persons whose mathe- 
matical pui'suits are designed to be very limited ; but it is 
believed that it will be found to contain nearly all the pro- 
perties of the Conic Sections, a knowledge of which is essen- 
tial to the study of the elements of Physics, Mechanics and 
Astronomy. In the present edition, a chapter has been 
added on the curvature of the ellipse and parabola. 

The Geometry referred to is Davies' Legendkk. 
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CONIC SECTIONS. 



CHAPTEK 1. 

THE ELLIPSE. 

I. The Ellipse is a cm-ve in which the sum of the 
distances of each point from two fixed points called tlie 
foci, is equal to a given line- 
Let F and F' [Fig. 1] he the foci of an ellipse ABA'B' : 
then if from any point M of the curve the straight lines MF 
and MF' be drawn, their sum MF+MF' is equal to a given 
line. 

IL The straight line drawn through the foci, and 
terminated by the curve, is called the transverse or major 
axis. The middle of that part of the transverse axis wliich 
lies between the foci, is called the centre of the ellipse. 
The straight line drawn thiough the centie at right 
angles to the transverse axis and teiminated by the 
curve, is called the conjugate oi mi loi at s 

Thus, if the straight line j3i ing P and J 1 e produced 
to meet the curve in A an I A and thro oh C the middle 
of FF' the straight line BB he drawn perpendicular to AA', 
and produced to meet the curve in B and B'; then is C the 
centre, AA' the transverse axis, and BE' the conjugate axis 
of the ellipse ABA'B'. 

(Can. SecHons.) J 
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y CONIC SECTIONS. 

HI. The distance from the ceiiti'e to eitliur Ibciis is 
called the eccentricity. 

Thus FC, or its equal F'C, is the eccentricity of the ellipse 
ABA'B'. 

IV- A line drawn from any point of the curve, at right 
angles to either S3^s,, and terminated by it, is called an 
ordinate to that axis. The parts into which the axis is 
divided by the ordinate, are called abscissas. 

Thus the perpendicular MP is an ordinate to the transverse 
axis, and AP, A'P are the corresponding abscissas. 

V. A tangent is a straight line which has one point in 
common with the curve, and all its other points without 
it. That part of either axis produced which is intercepted 
by a tangent and the ordmate drawn from the point of 
contact, is called a subtangent. 

Thus [Fig. 9], if MT be a tangent to the curve at M, 
PT is the corresponding subtangent. 

VI. A straight line drawn perpendicular to a tangent, 
from the point of contact, and terminated by the axis, 
is called a normal The part of the axis intercepted by 
a iiormEd and the corresponding ordinate, is called a 
subnormal. 

Thus, MQ, perpendicular to MT, is a normal to the curve 
at the point M; and PQ is the corresponding subnormal, 

VII. The parameter is a third propoi-tional to the 
transverse and conjugate axis- 

That is, if the parameter be denoted by p, then 
AA' : BB' ; : BB' : p. 

VIII. A straight \me drawn from any point in the 
curve, to one of the foci, is called a radius vector. 

Thus MF is the radius vector of tlifi point M, referred to 
the focus F. 
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T H r, ELLIPSE. 



PROPOSITION 1. 

PROBLEM. 

To describe an eUipse. 

Let F and F' [Fig. 2] be tlic ibci, ami X the given line. 
FIRST METHOD : BY POINTS. 

Draw the indefinite straight line FF'; and fioin C, the 
middle of J^'F', lay off CA and CA', each equal to half 
the given line X : then are A and A' points of the curve- 

For, by construction, 

CA-CF = CA'-CF'; that is, FA = F'A'. 
Hence, F'A+FA = FA+F'A' - AA' = X; 

and also, FA'+F'A' = FA'+FA ^ AA' = X: 
consequently A and A' (Def. I.) are points of the curve. 

To find other points ; On the line AA', and between 
the points F and F', take any point L, and from F and 
F' as centres, and with radii equal respectively to AL 
and A'L, describe two arcs of circles ; the points M and 
M' in which these arcs intersect, are points of the curve- 

For, FM+F'M = AL+A'L = AA' = X; 

and also, FM'+F'M' = AL+A'L = AA' = X. 

Any number of points of tiio ellipse may thus bo de- 
termined. 

Corollary I. The sum of the straight lines drawn 
from any point of the ellipse to the foci, is equal to the 

transverse axis. 
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4 CONIC SECTIONS. 

Cor, II. The line MM' is perpendicular to the trans- 
verse axis, and bisected by it. The ellipse is therefore 
divided by the transverse axis into two equEil parts, 
similarly situated with regard to that axis. 

CoR. IIL The axes are bisected at the centre. 
SECOND METHOD -. BY CONTINUOUS MOTION. 

Let the extremities of a thread equal m length to the 
given line, be fixed at the points F and F', and let a 
pencil be made to glide along tlie thread so as to keep it 
constantly tense ; the curve described by the point M of 
the pencil is an ellipse. For in every position of M, 

FM + F'M - X. 



PROPOSITION II. 

THEORF.M. 

Tlie distance from eitlier extremity of the conjugate 
axis, to one of the foci, is equal to the semi-transverse 
axis. 

From F and F' [Fig. 2] draw the straight lines FB 
and F'E to B, one of the extremities of the conjugate 
axis ; then is FB = AC. 

Since FC = F'C, and BC is common to the two right 
angled triangles FBC and F'BC, these triangles are equal, 
and FB = F'E; 

and hence, FB + F'B = 2FB; 

but (Prop. I Cor. I.), FB + F'B = AA' = SAC; 
therefore, FB = AC. 
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THE ELLIPSE. i> 

PROPOSITION III. 

THEOREM. 
The semi-conjugate axis is a mean preportional between 
the distances from eiiher of tttefoci to the extremities of 
the transverse axis- 
That is [Fig. 2], 

I'A : BC : : BC : FA'. 
For, BC" - FB"-CF> - AC"-CF", [Prop. 11.] 

01 BC = (AC+CF)x(AC-OF) 

= FA'XFA; anri hence, 
FA : BC : i BC ! FA'. 



PROPOSITION IV. 

THEOREM. 

The parameter is less than four times the distance from 
mte of the vertices of the transverse axis to the adjacent 
focus. 

The parameter being denoted by p, then 

J) is < 4 FA. [Fig. 2.] 

For ive have (Dcf. VII.) 

2 AC : 3BC : : 2 BC : j), 

2 EC" 

"' f - -^Q- 

Bat (Prop. III.), 

BC" = FAxFA' - FA (2 AC-FA) ; 

hence, by sabstitution, we get 

4FAXAC-2FA' 
J, __ 
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COMIC S V. C T 1 O K S. 



PROPOSITION V. 



The square of an ordinate to the transverse axis, is to 
the product of the corresponding abseissas, as tJte square 
of tlie conjugate axis, is to tjie square of the transverse 
axiH. 

Let MP [Fig. ;J] be an ordinate to tlie transverse axis ; 
then, 

MP^ : APxAT ; : BB'= ; AA'^. 

Let AA' = 2 a, BB' = 2 h, F'C = FC = cy 
and let CP = x, and MP = y : then, 

FP = c—x, and F'P = c+x. 
Also let F'M = a-\-z, z telng a varial)le quantity; 
then, FM = a-z. 

The right-angled triangles PMF, PMF' give 

FM^ = MP^+FP% 
and ¥'W = MP'+FP^; or, substituting, 

and {a+zf = f+{c+xf 

Developing, and subtracting the first equation from the 

second, we find s = — ; 

and substituting this value of z m the second equation, we 

have (* + f') ^ 2/H(c+a:)% 

or a*+2a''cx+e3? = «y+aV+2a'c3:+<jV, 
or a^—a'd'—a^x'^+c'x^ = a'y^, 

or a%a'-c')-x\u!'~c^) = aV, 

or {a'-x')x{a'~c') = ahf; 
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T H E E L T. I I' S E. 7 

and hence, since d'—c" = b^ (Prop. II.), wc have 

{^•-^•)¥ = aV [A] 

From this we derive the proportion, 

?/ : (a^— ar") : : 6^ : a%- 

that is, MP^ :AC'-CP= .-: BC^ : ACS [B] 

or MP= :AC=— CP' :: BB'^ : AA'^ [B'} 

Bar, AC^-CP'=(AC+CP)X(AC-CP) = A'PxAP; 
hence, MP^ : APxA'P : : BB'^ : AA'^ 

Cor. I. The squares of orrlinates to the tiansverse 
axis are to each other as the' products of the correspond- 
ing abscissas. 

For, M'P' being any other ordinate to the transverse axis, 
W'c have 

MF : AP xA'P : : BB"^ : AA'^ 
and M'P'^ : AP'xA'P' :: BB'= : AA'^; 

and hence (Geom, II. 4), 

MP= : M'P'* ; : APxA'P : AP'xA'P'. 

Con. n. MP= : M'P'^ :: AC'-CT' : AC'-CP'S 

Cor. in. MF ^ (ACJ-CW)^^. 

For, since (Prop, IV,) /( ~ , we have, by mul- 

iiplyiiig and dividing the second member by AC, 
SBC^AC 

and hence, p : 2 AC : ; BC ; AC% 

or (Proportion [B] of this Proposition) 

p ! 2 AC : .' MP : AC"-CP", 
and consequently MP" - (AC"- CP")j^. 



„Googlc 



C M C SECTIONS 



PROPOSITION VI. 

THEOREM. 



The square of an ordinate to the conjugate axis, ts to 
the product of the corresponding abscissas, as the square 
of the transverse axis is to the square of the conjugate 
axis. 

Let MP" [Fig. 3] be an ordinate to the axis BB'; 
Ihcn, 

MP"^ : BP"XB'F' r: AA'^ : BB'l 

Let CP" = x', and MP" = y' ; then 
a^ = CP = MP'' = y', and y = MP = CP" = x'. 
Substituting these values of x and y in Equation [A], 

«y = H^'-^)> 
we have aV= = b%a'—y'^); 

and hence, by transposition, 

which gives y"' : h'^—x'^ ■ ■ a^ ■ y, 

or y'^ : {h+x').{h-x') : : {2af : {2bf; 

that is, MP"= : BP"XB'P" : : AA'^ : BB'^ 

Cor. I. Tlie squares of ordiiiates to the conjugate axis 
arc to each other as tlie products of the corresponding 



Cor. II. The ellipse is divided by tlie conjugate axis 
into two eaual parts, similarly situated with regard to 
that axis. 
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PHOPOsrnoN vn. 



'The ordinaies to the transverse axis of an ellipse, are 
io tlie corresponding ordiru^es of the circle described on 
that axis as a diameter, as the conjugate axis is to ths 
transverse axis. 

Let M'P [Fig. 4] be an ordinate oi' the circnrafereiice 
described on AA' iia a diameter ; then, 
MP : MT ; : BB' : AA'. 

For, by Prop. v. we have 

MP^ : APxA'P :: BB'' : AA'^j 
but (Geom. IV. 23, cor.), 

AP : M'P ; : M'P ; A'P; 
hence APxA'P = M'P^ 

and consequently 

MP' : M'P^ : : BB'= : AA'^ 
or MP : M'P : ; BB' ; AA'. 

Cob. I. Similar (but inverse) relations may he shown 
to exist between the ordinates to the conjugate axis, and 
those of the circumference described on tliat axis. 

CoR. II. When the axes of an ellipse are given, any 
number of points of the curve may be determined by the 
following construction : 

On AA' and BB' the transverse and conjugate axes 
as diameters, describe the circumferences of two circles- 
Let M'P be an ordinate of the larger circumference, and 
(Con. Sections.) % 
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lO COMC SECT lOXS. 

draw M'C cutting the smaller in G ; then th-avv GM 
parallel to AA'. M is a point of the ellipse. 
For, the similar triangles GMM' and CPM' give 



MP 


M'P : 


: CG 


CM', 


MP 


M'P 


: CR 


CA, 


MP 


M'P 


: BB' 


AA'. 



Any nnniher of points may thns be determined- 



PROPOSITTON VIIl. 

THEOREM. 

'ITw parameter is equal to tite double ordinate to the 
transverse axis, drawn through one of the foci. 

That is, NN' [Fig- 3] being the double ordinate to 
AA' drawn through the focns F, 

AA' : BB' : i BB' : NN'. 
We have (Proposition V. Proportion [Bl), 
MP' : AC^-CP^ :: BB"^ : AA"; 
consequently, when the abscissa CP becomes CF, 

FN' : CA=-CP : : BE'^ : AA''; 
but (Prop. II.), CA^-CF^ = BF=-CF' = BC%- 
hence FN' : BC^ : : BB" : AA", 

and FN r BC : : BB' : AA; 

or, inverting, and doubling the first and second tei'ms, 

AA' : BE' : : BB' : NN'; 
ind therefore (Def. VII.) NN' = p, the parameter. 



:yGoogIe 



PROPOSITION IX. 



The sum of the lines drawn Jrom the foci to a point in 
the plane of the curve, is greater tlian the transverse axis 
if the point be without the curve, btct less if it be within. 

1. Let R' [Fig. 5] be any point without the elhpse ; 
then, since FR'+MR' is > FM, 

FR'+F'K' is > FM+FM > AA'. 

•2- Let R be any point witliin the ellipse ; 
then, since FK is < FM+MR, 

FR+F'R is < FM+F'iM < AA'. 

Cor. a point is without or within the ellipse, accord- 
ing as the sum of the lines drawn from it to the foci is 
greater or less than the transverse axis- 



PROPOSJTION X, 



The straight line which bisects the angle adjacent to 
tlie angle contained by the radii vectores of any point of 
the ellipse, is a tangent to the curve at that point. 

M [Fig. 6] being any point in the curve, if the line 
DMN be drawn so as to bisect the angle FMI adjacent 
to the angle FMF', then will every point of that line, 
except M , be without the curve ; and consequently 
DMN will be a tangent to the curve at J\I. 
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12 € O N I f; S E C T I O N S. 

Let D be any point of the line DN, except M : make 
MI=Mi\ and draw the straight lines FI, DI, UF and DF'. 

Then, DN, which bisects the angle FMI of the isosceles 
triangle FMI, also bisects the base FI at right angles; hence 
the triangle FDI is isosceles, and we have 

DF = DI; and therefore 
F'D+FD = F'D+DI; 
but, F'D+DI is > F'l > F'M+FM > AA'; 
hence F'D+TD is > AA', and (Prop. IX. cor.) the point 
D is without the ellipse. 

Cor. I. From the abovo, the method of drawing a 
tangent to tlie ellipse, at any point M of the curve, is 
obvious- 

Cor. II. If it be required to draw a tangent to the 
ellipse, which shall pass through a given point D without 
the cui-ve ; then from F' and D [Fig. 7] as centres, and 
with radii equal respectively to AA' and FD, describe 
tvvo arcs of circles ; and from either of then- points of 
intersection, as I, draw F'l meeting the curve in M ; 
NMD is the tangent required. 

For, since F'l = AA', and F'M+FiM = AA', 
we have F'l = F'M+FM, 

or F'M+MI = F'M+FM; 

and hence MI = FM, 

and by construction we have 

DF = DI. 

Hence it may easily be shown that DN bisects the angle 
FMI : it is therefore a tangent at M. 
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T H E E L L I P S E. 13 

In like manner it may be shown that DM' is ii tangent 
to the curve at M'. Hence two tangents may be drawn 
to the ellipse, from a given point without it. 

Cor. in. The angles made by a tangent to tlie ellipse, 
with the radii vectores of the point of contact, are equal. 

For FMN = NMI, 

and the opposite vertical angles NMI and F'MD are equal; 
hence, FMN == F'MD. 

CoR. IV. The tangents at the extremities of the trans- 
verse and conjugate axes are respectively perpendicular 
to those axes. 



PROPOSITION XI. 

THEOREM. 

If.,jTom tliefoci, ■perpendiculars he drawn to a tangent 
at any point of the ellipse, they will meet it in the circum- 
ference of the circle described on the transverse axis as 



In addition to the preceding consti-uction, draw F'N' 
perpendicular to NN' ; then are the points N and A'' in 
the circumference described on AA' as a diameter. 

Join the points C and N, and produce CN and F'iS" till 
they meet in D. 

Since FC = F'C and FN = NT, CN is parallel to F'l 
(Geom. IV. 16), and the triangles FTI and CFN are simi- 
lar; therefore CN = J FI = ^ AA' = AC. 

Again, since DN and F'l are parallel to each other, and 
also FN and F'N', they being perpendicular to the same 
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straight Hue NN', the figure DNIF' is a jiaratlelogram, and 

DN - FI = 2 AC; 
but CN ~ AC, therefore DC = AC. 

Hence, if fi'om C as a centre, and with CA as a radius, 
the circumference of a cii-clebedescribedjit will pass through 
the points N and D; and since NN'D is a right angle, it 
will also pass through N' (Geom. III. 18, cor. 2). 



PROPOSITION XII. 

THEOREM. 

If, from the foci, perpendiculars he drawn to a tangent 
at any point of the curve, then wiU the product of the 
perpendictdars he equal to the square of the sem i-conjugate 
axis. 

Let tlie construction be the same as in tlie preceding 
proposition ; then [Fig. 8], 

FNxF'N' = BC^ 
For (Geom. IV. 28, cor.) 

FN'xF'I) = A'F'xF'A; 
but, since DNIF' is a parallelogram, 

F'D = IN = FN, 
and (Prop. III.) A'F'xF'A = BC^; 
hence, by substitution, 

F'N'xFN = BC^ 

CoR. In adilition to the preceding construction, let 
FN" lie drawn perpendicularly to tlie tangent at M' ; 
then, 

FN'. FN":: I™: Z™. 
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THE liLLIPSK. 15 

For, the right-angled triangles FMN and F'MN' having 
tlie angles FMN and F'MN' equal (Prop. X. cor. 3), are 
sitnilar, and give 

FN ; FM : ; F'N' = F'M ; 

hence, 



or, niuUipljing each meinber ol' this equation by FN, 
FM 



M (FM 



hence, for the perpendicular FN" upon the tangent at M', 
we Nhall have 

FN"= BC. /E^, 
■V F'M'' 

and consequently 

rv TTx-" l^'^i /FM' 



PROPOSITION XIJI. 

PROBLF.M. 

To Jind tlw algebraic cxpresmon of the radii vectored 
of the eUipse. 

From the foci, draw the hues FM and F'M [Fig. 9j 
to any point M of the ellipse : Required the algebraic; 
expressions nf fheso lines. 
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As in the fifth proposition, 
let AC -a, EC = 4, VC - c, anil CP = n 
also let F'M = a+z, giving FM - o-i ; 

(Prop. V.) 



then, since 




« 


- 


we have. 


ly 


substitut! 


on, 








F'M 


= 


a+' 


uid 




FM 


= 


a— 



Cor. The right-angled triangle F'MP gives 

F'P = F'M X cos MF'P : we also have 
FP = F'C+CP = c+x; 

hence F'M x cos MF'P = c+x, 

and X = F'M X cos MF'P-e. 

Hence F'M = «+— =- a+- (F'M.cosMF'P -c), 

and F'MXft = «'+c. F'M. cos MF'P — c=, 
or F'M((i— c.cosMF'P) = a'-cS 

This is called the polar equation of the (jllipse. 

PROPOSITIO>J XIV. 



To find the algebraic expression of the subnormal of 
the ellipse. 

Draw MQ [Fig. 9] perpendicular to the tangent TT' 
at the point of contact M ; then MQ is the normal, and 
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T H E E L L I P S E. 17 

PQ is the subnormal to the ellipse at the point M : Re- 
quired the algebraic expression of tlie latter line. 

The straight lines FN and QM, being pei-pendicular to 
tlie tangent XT', are therefore parallel to each other, and 
give (Geom. IV, 15, cor. 1) 

F'l : FT : : MI=MF : QJ', 

hence, QF = 2 c . ~~t = !Li_if . 

We also have FP = c~~x ; 

but the subnormal PQ = FQ-FP; 
and hence, by substitution, we get 



Cor. Denoting tlie parameter by i>-, wi; have 
2 a : 2 6 : : 2 6 : J), 

and f = -r~; 

and dividing each membei' of this eijuation by 2 a, we liod 



Hence 


PQ 


2a' 




ami 2 a 


■ P 


■ ■■ X 


■ PQ, 


or AA' 


, T<ii^ii 


: : VP 


: PQ. 


{C^n. Se^^wnfJ 
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Therefore, as CP is known when M is given, in order 
to determine the subnormal for a given point J\I. we Imve 
only to find a fourth proportional (Geom- IV' 2) to the 
lines AA', N'N" and CP. 

Remark. The method of drawing a nomial or tangent 
to the curve, bv means of the subnormal, is obvious. 



PROPOSITION XV. 

I'ROBLEM- 

To Jind the algebraic expression of the mUangent of 
the ellipse. 

MX [Fig. 9] being a tangent at the point M, and MP 
the corresponding ordinate to the transverse axis : Re- 
quu-ed the algebraic expression of the line PT. 

Since MP is perpendicular to QT the hypothenuse of the 
right-angled triangle QMT, we have (Geom. IV. 23) 
PQ : MP : : MP ; PT. 



. ^(a^_a^); (Prop. V.) 



^(.-■) 



PT . 
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Cor. T. PT = '^^ = (!!±!')i!^Z^)- 
X X 

and hence a: : a-\-x '• '■ a — x : PT, 

that is, CP : A'P r : AP : PT. 

The point >I being given, and consequently CP, AT 

and AP being known, the subtangent PT may thus be 

detei'mined by finding a fourth proportional to these 

lines- 

Remark. The method of drawnig a tangent to the 
fillipse, by means of the subtangent, is obvious. 

Cor- II. If on AA' [Fig. 10] as a triuisverse Eixis, dif- 
ferent ellipses ABA', AB'A', AB"A', &c. be described, 
and at the points M, M', M", &c- which have a common 
abscissa CP = ar, tangents be drawn, they will intersect 
AA' produced in the same point T. 

For as the expression of the subtangent — — — involves 

only « and x, it rematas the same while a and x remain the 
same, however b may vary. 

Cor. III. If a tangent to the ellipse meet the trans- 
verse axis produced, and from the point of contact an 
ordinate be drawn to the same axis ; tlien is the semi- 
transverse axis a mean proportional between the distances 
from the centre to the intersections of the axis by the 
ordinate and tangent. That is [Fig. 9], 
CP : CA : : CA : CT. 

For, denoting the subtangent PT by s, we have 

gj. = a^—x' 

or a^ = x^+sx = x{x+s); 

and hence x : a '■ '■ a : x+s, 

that is, CP : AC ; : AC : CT. 
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C S 1 C H E C T I O N" S. 



Cor. IV. The equation PT = - 
„^ _ AC^-CF 



PROPOSITION XVI. 

PROBLEM, 

To find the algebraic expression of the suhtangent. 
measured on the conjugate axis- 

MT [Fig. 9] being produced to meet the axis BB' in 
T', and the ordinate MP' being drawn : Required the 
algebraic expression of the hne P'T'. 

The similar triangles MPT and MPT' give 
PT : MP : : MP'=CP : P'T', 

or —:^ : y :: x ■ P'T': 

X 

hence P'T = -^, = J^,; 

X 

but the equation «V = &^(a*~a^^) (Prop. V. [A]) gives 



and x'^ 



ci^h'^-ahf 



substituting these values of x^ and a^—x'^ in the expression 
for P'T', we have 
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Cor. 1. CP' : B'P' : ; BP' : FT'. 

Cor. II. The tangents at the con-esponding points of 
all the ellipses desciibed on BB' as a conjugate axis, 
meet that axis produced in the same point. 

Cor. in. CP' T CB : : CB : CT'. 
For, denoting P'T' by s', we Iiavc 

«' = ~, and b- = y"+s'y 

y 

and hence y : t : : 6 : y+s', 

that is, 3P' : CB : t CB : CT'. 



OF DIAMETERS. 

Def. IX. Every line drawn thiough the centre, and 
lenninated by the cuiTe, is called a diameter. 

Thus [Fig. 1], MM' is a diameter of the ellipse ABA'B'. 

A second diameter drawn pai-allel to the tangent at 
one of the extremities of the first, is called the conjugate 
diameter to the first. 

Thus, NN', pai'allel to the tangent at M, is the conjugate 
diameter to MM'. 

X. An ordinate to a diameter, is a straight line drawn 
from any point in the curve, parallel to the tangent at 
one of the extremities of that diameter, and terminated 
by it. The parts into which the diameter is divided by 
the ordinate, are called abscissas. 

Thus, M"0, parallel to the tangent at M, is an ordinate 
to MM', and MO and M'O are the corresponding abscissas. 
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PROPOSITION XVTI. 

THEOREM. 

If a radius vector fie drawn from the extremity of any 
diameter, to meet its conjugate, the part intercepted by the 
conjugate is equal to the semi-transverse axis. 

If the radius vector MF [Fig. 11] be drawn from M 
the extremity of any diameter MM', the part MG in- 
tercepted by the conjugate NN' is equal to AC. 

For (drawing F'D parallel to NN'), since the equal angles 
F'MT, FMT' (Prop. X. cor. 3) are equal respectively to the 
alternate interior angles MF'D, MDF', the triangle MF'D is 
isosceles, and MD = MF'. Also since GC is parallel to the 
side FD of the triangle F'DF, and F'C = FC, we have 

DG = GF. 
Consequently F'M+FM = 2MD+2DG = 2MG. 
But, F'M+FM = 2AC; 

hence 2MG = 2 AC, 

or MG = AC. 

PROPOSITION XVIII. 



Every diameter is bisected at the centre. 

From M [Fig. 12] any point of the cun'e, draw the radii 
vectores MF, MF'; also draw M'F, M'F' parallel respective- 
ly to MF and MF : then is the figure MFM'F' a parallelo- 
gram, and M'F+M'F = MF'+MF = AA'; 
hence M' is a point in the ellipse. But the diagonals of a 
parallelogram bisect each other; therefore FF' is bisected 
at C, and C is the centre of the elHpse, and MM', which is 
also bisected at C, is a diameter. 
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PROPOSITION XIX. 

THEOREM- 

If a tangent he drawn at the extremity of any diameter, 
and also at tlie adjacent extremity of the transverse axis, 
and from the first point an ordinate be drawn to that axis ; 
then, the quadrilateral formed by tlie intersections of the 
axis and tlte diameter produced., by the ordinate and the 
tangent at the second point, i» equivalent to the triangle 
fanned by the mutual intersection of the axis produced, 
the ordinate, and the tangent at the first point. 

MM'" [Fig. 13] being any diameter, let the tangents 
MT and AR, and the ordinate MP, be drawn ; then, 









PMR.^ - 


= PMT. 


The Sim 


ihir 1 


iriaiif 


;les CPU 


and CAR 






PC 


r AC :i 


P-M : AR 


but (Prop. 


XV. 


cor. 
PC 


3), 

: AC : : 


AC ; CTj 


therefore 




PM 


: AS. :: 


AC : CT, 


and 




ACxAR 


CTxPM 



that is, the triangle CAR = the triangle CTM, 
or CPM+PMRA = CPM-fPMT, 

and consequently PMRA = PMT. 
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CO NIC SECTIONS. 



PROPOSITION XX. 



Ifi from the extremities of a double ordinate to any 
diameter, ordinates be drawn to tlie transverse axis, and 
also a tangeirt at the adjacent extremity of tlie diameter ; 
then, the triangles formed by tlie intersections of the or- 
dinates and the diameter produced if necessary, are equal 
to each other ; and each is also equivalent to the quadri- 
lateral resulting from the intersections of the diameter 
and the axis produced, by the tangent and tlie ordinate to 
the diameter a 



From M', M" [Fig. 13] the exti-emities of a double 
ordinate to any diameter MM'", let the ordinates M'P' 
and M"P" to the transverse axis be drawn, and also 
TT' the tangent to the ellipse at M ; then, the triangles 
M'OK and M"OK' ai'e equal to each other, and each is 
equivalent to the quadrilateral MOST. 

FIRST PART, 
The shnilar triangles PMT, FM'S give (Geom. IV. 25), 
PMT : P'M'S : : MP^ ; M'P'=; 
hut (Prop. V. cor. 2), 

MP' : M'P" r: AC^-CP^' : AC^-CP'«; 
hence PMT : P'M'S :: AC^-CP'^ : AC^-CP's. . ._. [C] 
Again, the sunilar triangles CAR, CPM give 
CAR ; CPM : : CA^ : CP^; 



■ P>] 



and hence (Geom. 11, 
OAE-CPM : 


6) 
CAR : 


: CA> 


-CP» 


or PABM ; 


CAR : 


: CA" 


-CP- 
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Also the similar triangles CAR, CP'K give 



CAll : CP'K 
hence CAR-CP'K : CAR 
or P'ARK : CAR 



: CA» : CP'>; and 
: CA'-CP'i' : CA', 
: CA"-CF» : CA». ...[E) 
And comparing Proportions [D] and [E], we have 

PAKM : P'ARK : ■■ CA'-CP' ; CA»-CP'"i 
but (Proportion [C]), 

PMT : P'M'S : : CA'-CP" : CA"-CP'"i 
hence, PMT : P'M'S : : PARM : P'ARK; 

end since (Prop. XIX.} PMT = PARM, we have 

P'M'S = P'ARK [F| 

Btit, P'ARK = P'PMK+PARM 

- P'PMK+PMT 

- P'TMK; 
consequently (Equation [F]), 

P'M'S - P'ARK - P'TMK. 
But P'M'S = M'OK+P'KOS, 

and P'TMK - MOST+P'KOS; 

therefore, M'OK = MOST. 

SECOND PART. 
The similar triangles PMT, P"M"S give 

PMT : P"M"S : : MP" : M"P""; 
but, MV : M"P"> : : CA"-CP" : CA«-CP""; 

hence PMT : P"M"S : : CA'-CP' : CA'-CP"=.. [C] 
Again, the similar triangles CAR, CPM give, as in the 
preceding part of the demonstration, 

PARM ; CAR :: CA>-CP« : CA». -.[D'] 
Also, the similar triangles CAR, CP"K' give 

CAR : CP"K' : : CA' ! CP"'; and 
(Con. Secfions.j 4 
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hence P"ARK' : CAR : : CA=~CF'^ : CA'. .-[E'j 

Comparing Proportions [D'J and [E'], we liave 

FARM : F'ARK' := CA=-CP' ; CAs-CP'^ 
and comparing tliis proportion with Proportion [C], we 
have PMT ; P"M"S :: FARM : F'ARK' i 

but PTM = FARM; (Prop. XIX.) 

hence, P"iM"S = P"ARK'. ft"] 

Now we have (Equation [F]), 

F'M'S = P'ARK; 
and sul)ti"ac1.ing Equation [F*] from this, we get 

P'M'S-P"M"S = P'ARK-F'ARK', 
or P'M'M"P" = P'P"K'K; 

Tjut P'M'M"P" = P'K0M"P"+M'0K:, 

and P'P"K'K = P'KOM"P"+M"OK'; 

hence M'OK = JVP'OK', 

and therefore M"OK' = MOST. 

Cor. I. Every diameter bisects its double ordinates. 
For, the triangles M'OK, M"OK' being equivalent and 
similar, all their parts are equal, and hence 
M'O = M"0. 

GoR, n. If, from N the extremity of tlie conjugate 
to MM'", ND be drawn parallel to BB', then will the 
triangles CTM, CND be equivalent to each other. 

Let M'M" move parallel to itself till it coincides with 
NN'; then the points M', and K coincide respectively 
with the points N', C and D', and the triangle M'OK be- 
comes the triangle N'CD'; also the points and S coincide 
with C,and MOST becomes MCT, and hence N' CD' =MCT. 
But N'CD' = NCD, since they are similar, and NO = N'Cj 
and therefore NCD = MCT. 
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THE ELLIPSE. 



PROPOSITION XXI. 

THEOREM. 



7he square of an ordhwie to any diameter, is to the 
product of tlie corresponding abscissas, as the square of 
tji£ conjugate to that diameter, is to the square of the 



That is [Fig. 13], 

M'O^ : M'"OxMO : : NN'^ : MM'"*. 

Tlie similar triangles M'OK, NOD give 

M'OK : NCD : : MW : NC [G] 

Also the similar triangles CMT, COS give 
CM= : C0> : : CMT : COS, 
or CM'-CO> : CM' : : MOST : CMT; 

or since MOST = M'OK, and CMT = CND, 

CM-^-CO' : CM' : : M'OK : CND; 
and oomparing this proportion with Proportion [G], we have 

CM'-CO" : CM" : : M'O" : CN>, 
or (CM+CO)x{CM-CO) : CJVl" : ; M'O' : CN', 
or M'O" : M"'OxMO : ; ON" : CM', 

or M'O" : M"'0XM0 : : NN" : MM"". 

Cob. I. Let M"0' [Fig. 14] be any other ordinate to 
the diameter MjM'" ; then, 

M'O' : M"0'' ; : M'"0XM0 : M"'0'xMO'. 
Cor. II. If CO - 00', then M'O = M"0'. 
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Cob. III. Tangents to the ellipse, at the extremities 
of a diameter, are parallel to each other- 
Let any line SS' parallel to the tangent at M, move 
parallel to itself till it pass through the point M'" j then, 
since (Prop. XX. cor. 1) the intercepted parts M'O, M'^'O 
remain constantly equal, they will vanish at the same time 
at M'", and tbe line in its new position TT' will evidently 
be a tangent to the ellipse. 

CoR. IV. A tangent to the ellipse at the extremity N 
of the conjugate diameter NN', is parallel to the first 
diameter MM'". 

Let CO, CO' be any two equal abscissas, and draw tbe 
ordinates M'O, M"0' to MM'" ; then M'O, M"0' beiag (Cor. 
n.) equal as well as parallel, the quadrilateral M'OO'M" is 
a parallelogram, and M'Q = M"Q. Then, reasoning as in 
tbe preceding corollary, it may be shown that the tangent at 
N' is parallel to MM'". 

CoR. v. Since MM'" is parallel to the tangent at N', 
it is (Def. IX.) a conjugate to NN' : hence MM'" and 
NN' are conjugate to each other. 



PROPOSITION XXII. 

THEOREM. 

If, from the extremities of a fair of semi-conjugate 
diameters, two ordinates be drawn to the transverse axis ; 
then the mm of the squares of the parts of the axis com- 
prehended between tlie centre and the ordinates, is equal 
to the square of half that axis. 

That is, if ON and CM [Fig. 15] be semi-conjugate 
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diamaters, and the ordinates MP, NZ be drawn to AA', 
then CP=+CZ' - AC 

The similar triangles MPT, N'P'C give 
TP> : PM> : : CP" : P'N'"; 

but (Prop. XV. cor. 4), TP' - t^S^?!', 

and (Prop. V. cor. 3), PM= - {AC>-CP»)j£j, 

.„J P'N" = (AC--CP'=)^; 

hence, hy suhstitution, 



(AC'-cp-y 



KAC--CPO^-ig.Cp.-:(AC--Cp..,^^, 



or — '^gpP^'*' ■■ AC>-CP< : : CP" : AC'-CP", 

or AC»-CP« i CP' ! : CP'« : AO»-CP", 

or AC« : OP" ! ! AC" : AC-CP"', 

and hence CP' - AC'-CP"; 

and since CP' = CZ, we have 

CPs - AC'-CZS 
or CP'+CZ« - AC. 
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PROPOSITION XXIII. 

THEOREM. 

The parallelogram formed by drawing tangents to the 
ellipse at the extremities of a pair of conjugate diameters, 
is equal to the rectangle of tlte axes. 

That is, the parallelogram EE'E"E'" [h"\g. 16] is 
equal to the rectangle HH'H"H"'- 

NZ being an ordinate to tlie transverse axis, we have 
(Prop.V. [B]), 

NZ* : AC^— CZ^ : : BO : AC=; 
or, since (Prop. XXII.) AC'-CZ> - CP", 
NZ« : CP' : : BC» : AC"; 
ami hence NZxAC - CPxBC. 

Now let the perpendicular CY' he drawn to the tangent 
TT' at M : The triangles TCY', CNZ are similar, because 
each has a right angle, and the angles NCZ and CTY' are 
equal, they being alternate interior angles, and therefore give 

CN : NZ : : TC : CY', 
and hence CNxCY' = TCxNZ. 

But (Prop. XV. cor. 3), TC = ^'i 

„„ „,-, .AC'xNZ 
hence CNxCY' = — ^p — 

^ ACxACxNZ 
CP ■ 

but we huTc found ACxNZ - CPxBC; 
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kence CKxCY' - ^^^l^H^ 

= ACXBC, 
and 4CNXCY' = 2ACx2BC = AA'xBB'. 
Now CNxCy - the pamllelogram CNEM, and 
hence 4CNXCY' = the parallelogram EE'E"E"' : 
also AA'xBB' = the rectangle HH'H"H"'; 
consequently, 

parallelogram EE'E"E"' = rectangle HH'H"H"'. 

Cor. I. If MO be drawn perpendicular to NN', tl 
since MO = CY', we have 

MOxCN - BCXAC, 
BC'xAC 



and CN- 



MO' 



Cor. II. Let FZ' and F'Y be drawir perpendicular 
to TT' ; then, from the similar triattgles FMZ', F'MY, 
MGO, we have 

F'M .. F'Y : : MG : MO, 
and FM : FZ' : : MG : MO; 

and hence (Geont. H. 13), 

FMxF'M ; FZ'xF'Y ; : MG= : MO' : 
hut (Prop. XTI.) rZ'xF'Y = BC«, 
and (Prop. XVII.) MG = AC; 
hence FMxF'M : BC^ -■■ AG= : MO', 

■npH y 4 P^ 

and therefore FMxF'M = - ^q, 

= CN". (Cor. I.) 
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PROPOSITION XXIV. 

THEOREM. 

Tke sum of the squares of a pair of conjugate dia- 
meters, is equal to tlie sum of the squares of the axes. 

That is [Fig. 16], 

MM""+NN" - AA»+BB". 

The triangle MCF' gives (Geom. IV. 13) 

MF" = MC=+CF"+2CPxCF', 

and the triangle MCF gives (Geom. IV. 12) 
MF» = MC'+CF"-2CPxCF. 

Adding these equations, and observing that CF = CF', we 

have MF'+IHF" = 2 MC'+2 CF' 

and hence 2 MC» = MF'+JWF'^— 2 CF^. 

Now (Prop. XXIII. cor. 2), 2 CN^ = 2 MFxMF'; 

hence, by addition, we have 

2 MC»+2 NC - (MF+MF')'-2 CF' 

- 4 AC1-2 CF« (Prop. I. cor. 1.) 

- 4 AC=-2 (BF'-BC") 

- 4AC"-2AC>+2BC' 

= 2 AC'+2 BC, and consequently 
1HM"'>+NN'" = AA'«+BB'". 
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CHAPTBE II. 
THE PARABOLA. 



DEPIKITIONS. 

L The Parabola is a curve in which every point is 
equally distant from a fixed point called the focus, and 
a straight line also fixed, called the directrix. 

Thus [Fig. 17], if F be the focus and EG the directrix 

of a parabola MAM"; and if from any point M of the 

curve, MF and MD be drawn, the one to the focus, the other 

perpendicular to the directrix, then 

MF = MD. 

II. The straight fine drawn through the focus, per- 
pendicular to the directrix, is called the axis- The point 
in which the axis intersects the cui-ve, is called the vertex 
of the parabola- 

Thus, BX, di'awn through F, perpend iculai' to EG, is the 
axis; and A, the naiddle (Def I.) of the perpendicular FB, 
is the vertex of the parabola MAM". 

III. A straight line drawn from any point in the curve, 
perpendicular to the axis, is called an ordinate to the 
axis- The part of the axis intercepted by the vertex and 
ordinate, is called an abscissa. 

Thus, MP, perpendicular to BX, is an ordinate to BX ; 
and AP is the corresponding abscissa. 
(Con. Sections.) 5 
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IV. A straight line equal to four times the distanco 
from the vertex of the curve to tlie directrix, is called 
the parameter of the axis. It is denoted by p. 

It M-i]\ he shown hereafter (Prop. II. Cor. I.) that the 
parameter is a third proportional to any abscissa and the 
corresponding ordinate. 



PROPOSITION 1. 

PROBLEM. 

To ilexcriOe a parabola. 

FIRST METHOD ; BY POINTS. 

Let F [Fig. 17] be the focus, and EG the directrix of 
a parabola. Through F draw BX perpendicular to EG, 
and bisect BF ; A, the point of bisection, is the vertex 
of the curve. To find other points, draw a perpendicular 
MM" to the axis, cutting it in any point beyond A ; and 
from F as a centre, and with PB as a radius, describe 
an arc of a circle : the points M and M" in which this 
arc cuts the perpendicular, ai-e points of the curve. 

For, FM = FM" = PB = MD 

Any number of points of the parabola may thus be 
determined. 

Cor. Every straight line, as MM", terminated by the 
curve, and perpendicular to the axis, is bisected by it ; 
and consequently the parabola consists of two equal 
branches, similarly placed with regard to the axis. 
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SECOND METHOD ; BY CONTINUOUS MOTION. 
Let GDX' he a rule consisting of two branches DG 
and DX' at right angles with each other, and let the 
extremities of a thread equal in length to the branch 
UX' be fixed at the points F and X' ; then let the rule 
be moved in such a manner that the branch DG shall 
coincide with the directrix, whilst the tliread is kept 
constantly tense by applying a portion of it to DX' by 
means of a pencil : the point M of the pencil will de- 
scribe a parabola. For in every position of the rule, 

FM+MX' = DM+MX'; 
and hence FM ^ DM. 



PROPOSITION II. 

THEOREM. 

The square of an ordinate to the axis, is equal to the 
rectangle of the parameter and the corresponding ah 
scissa. 

Let MP be any ordinate to the axis; then, 

MP' = p.AP. 
Let [Fig. 17J AP = x, MP = i/, AB = AF = c; 
then {Def. lY.) j) = 4 AB = 4 c, 

FM = MD = AP-j-AB = x+c, 
and FP = AP— AF = x-c. 

Since FPM is right-angled at P, 
MP' = FM^-FF, 
or 3/= = {x+cy-ix-cf 

= x''-i-2cx+c'^—x^-i-2cx~t? 

^4cx, ..., .[A] 

or 3/' = px; 

that is, MP^ =j>.AP. 
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Cor. I. AP : MP : : MP ; j>. 

Cor- II. The squares of ordinates to the axis, are to 
each other as the corresponding abscissas. 

For, MP and M'P' being any two ordinates to the axis, 
MP^ = p.AP, and M'P'= =p.AP'j and hence, 
MP* : M'P'= : : AP : AP'. 

Cor. IIL The parameter is equal to twice the focal 
ordinate to the axis. 

For, Equa. [A], y' = 4ca:, gives 
MP^ = 4AFxAP; 
and when AP becomes AF, MP becomes M^F, and hence 

M'-'F^ = 4Ar^ 
and M'^F = 2 AF, 

and M'-M' = 4 AF = p. (Def. IV.) 

Cor. IV. The two branches of the parabola constant- 
ly diverge from the axis ; for as AP increases, MP also 
increases. From this it is evident that a line drawn per- 
pendicular to the directrix, and produced sufficiently far, 
will meet the curve. 
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PROPOSITION III. 



The distance from anypoint in the plane of the parabola 
to the focus, is greater than its distance to the directrix 
if the point be without the parabola, and less if it be with- 
in- 

Let R \y\g- IS] be a point without the curve. Draw 
DR perpendicuJar to EG, and produce it to meet the 
curve. Join the points f and R, F and M ; then is 

FR > RD. 

For we have FR+RM > FM > MD; 
and hence, FR > MD-RM > RD. 

Again : Let R' be a point within the curve. Draw 
R'M'D' perpendicular to EG, and join the points F and 
M', F and R' : then is 

FR' < R'D'. 

For we have FR' < FM'+M'R' < M'D'+M'R' < R'D'. 

Cor. Conversely, a point is within or without the 
curve, according as its distance from the focus is less or 
greater than its distance from tlie directrix. 
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CONIC SECTION 



PROPOSITION IV. 



A straight line bisscting the angh formed hy two 
straigJtt lines drawn from any jjoirii in the curve, the one 
to the focus, tlie other perpendicular to the directrix, is a 
tangent to the parabola at that point- 

Let MD [Fig. 19] be drawn perpendicular 1o EG, and 
join M and F ; then if the sti-aight line MT bisect the 
angle DMF, it is a tangent to the parabola at J\I. 

For, assume any other point, as N, in MT; draw ND' 
perpendicular to EG, and join the points F and D, N and 
D, N and F. 

Then, because MT bisects the vertical angle of the iso- 
sceles triangle FMD, it bisects the base FD at right angles; 
hence the triangles FNI and DNI are equal, and NF=ND. 
But, ND is > ND'; therefore 

NF is > ND', ant! (Prop. III. cor.) 
the point N is without the curve. 

Thus it may be shown that every point of MT, except M, 
is without the curve. 

Cob. 1. From the above may be derived a method of 
drawing a tangent to the parabola, at any point in the 
curve ; and also from a given point without the curve- 

Let N be the given point, and from it as a centre, and 
■with NF as a radius, describe an arc of a circle, cutting the 
directrix in D; draw DX' parallel to the axis. M, the point 
in which it intersects the curve, is the point of contact, and 
the line joining M and N is the tangent required. 

For, by construclion, FN = DX; and since M is a point 
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of the curve, FM = DM, and hence (Gcom. I. 16, cor.) NT 
is perpendicular to FD at its middle point I, and (Geom. I. 
11, schol.) bisects the angle FMD. 

The same circumference cuts the directrix in another 
point, through which, if a line be drawn parallel to the axis, 
the point of contact of another tangent passing through N 
will be determined. 

Cor. II. The angle FMD increases as M moves to- 
ward A, and at A becomes equal to two right angles ; 
hence, the tangent at the vertex of the parabola is per- 
pendicular to the axis. 

Cor. III. The tangent at any point makes equal an- 
gles with the diameter at that point, and with the Ime 
drawn thence to the focus. 

Cor. IV. The normal bisects the angle made by the 
diameter at the point of contact, with the line drawn 
from that point to the focus. 

Let the normal MQ be drawn; then since 
X'MN = IiMD = IMF, we have QMX' = QMF, 
they being respectively complements of the equal angles 
X'iVIN and IMF. 



e axis, 



CoR. V. If a tangent be produced to meet the a 

the points of intersection and contact are equally distant 
from the fociis- 

For, MTF = TMDj 

also, FMT = TMD; 

hence MTF = FMT, 

and consequenlly FM = FT. 
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CONIC SECTIONS. 



PEOPOSITIOiV V. 



^, from the focus, a straiglit line he dravm, meeting 
at right angles any tangent to tlie parabola, the point of 
intersection will he in the vertic(d tt 



MT [Fig. 19] being any tangent to the parabola, the 
point I in which the perpendicular FI intersects it, lies 
in AA' the tangent at the vertex. 

It has "been shown that the line FD is perpendicular to 
the tangent MT, and bisected by it; hence I is the middle 
point of FD. 

Again : Since AA' the tangent at the vertex is (Prop. IV. 
Cor. 2) parallel to the directrix, it divides the sides FB and 
FD of the triangle FED proportionally; hut it bisects FB; 
it must therefore bisect FD, and consequently meet it in the 
point I. 

Cor. The perpendiculars let fall from the iiacus upon 
tangents to the parabola, arc to each other as the square 
roots of the corresponding radii vectores. 

Since AI is perpendicular to the hypothenuse of the 
triangle FIT, and passes through the vertex of the right 
angle at I, we have (Geom. IV. 23) 

FA : FI : : FI ; FT, 
and hence FAxFT = FF; 

hut (Prop. IV. Cor. 5) FT = FM; 
therefore, FAxFM = FP. 

Let IVI'I' be a tangent at any point of the curve, as M', 
and FI' the perpendicular drawn to it from the focus; then 
we shall also have FAxFM' = FI'^. 
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From these two equations we derive tlie proportion 
FP : FI's : : FM : FM', 
T FI ; FI' : : v'FM : ^/FM'. 



PROPOSITION VI. 

THEOREM. 

The radius vector of any point of the parabola, is 
greater than the corresponding abscissa by one-fourth the 
parameter. 

FM [Fig. 19] being the radius vector of any point M 

of the curve, we have 

FM = AP+AB = x-v't 
4 

For, FM=MD=PB=AP+ AB ; but (Def. IV.) AB = |; 
hence, FM = AP-f^ 



PROPOSITION VII. 

THEOREM. 

The subnormal is the same for every point of the 
parabola, and equal to half the parameter- 

MQ [ Fig. 19] being a noraial at any point M, the 
subnormal PQ = \p- 

Since MQ and FI are perpendicular to the same straight 
line MT, they are parallel to each other; and hence 
MQP = DFB. 

{Can. Sections.) 6 
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Also the angles QPM and FED are right angles, and 
PM = BD. The triangles MQP and DFB are therefore 
equal, and PQ = FB. 

But FB = 2 AB = ^ = I ; (Def. IV.) 

hence, PQ = ^p. 

Cor. I. The triangle PMQ gives 
MQ^ == MPHPQ% 
or MQ' - f+^ = P^+^> (Prop. II.) 

and hence the noi-m-cd MQ = 'S/ P^"^^- 

Cor. U. AQ - AP+PQ = x+^. 



PROPOSITION VIII. 

THEOREM. 

The suhlan gent for any point of the parahola is double 
the corresponding abscissa. 

The subtangent PT = SAP- 

For, the triangle TMQ [Fig. 19] heing right-angled at 
M, and MP being perpendicular to the hypothemise, we 
have (Geom. IV. 23) 

PQ : PM : : PM : PT, 

^ I. DT ^^' 

and hence Fl = "pn"' 

hut (Prop. II.) PM^ = p.AP, 

and (Prop. VII.) PQ = |; and 

hence, by substitution, PT -= ^f— = 2 AP. 
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Cor. I. Hence the following metliod of drawing a 
tangent to the parabola, at any point M : 

Draw the ordinate MP to the axis, and make AT = AP; 
the straight line drawn through the points T and M is the 
tangent required. 

Cor. II. The triangle MPT = the rectangle MPAA'; 
for they have the common base MP, and the height of 
the triangle is double that of the parallelogram. 

Cor. III. If we consider the tangent as limited by its 
intersection with the axis and the point of contact, then 



the tangent MT = v'mP'+PT^ 

= V^.AP+4AP= 

OF DIAMETl^RS. 

Dep. V. A straight line drawn from any point of tlie 
curve, parallel to the axis, is called a diameter. The point 
in the curve from which it is drawn, is called the vertex 
of that diameter. 

Thus [Fig. 17], MX', parallel to BX, is a diameter; and 
M is its vertex. 

VI. An ordinate to a diameter, is a straight line drawn 
from any pomt in the curve, to meet that diameter, 
parallel to the tangent at its vertex. 

Thus, M'P", parallel to the tangent at M, is an ordinate 
to MX'; and MP" is the corresponding abscissa. 

VII. The parameter of a diameter, is a straight line 
equal to four times the distance from the vertex of that 
diameter to the directrix. It is denoted by p'. 
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PROPOSITION IX. 



The parameter of any diameter is greater than the 
parameter of the axis, hy Jour times the abscissa of the 
vertex of thai diameter- 

Let MX' [Fig. 19] be any diameter ; then 
its parameter p' = p+Ax. 

For (Def. VII.), p' = 4 MD = 4 PB = 4 AB+4 AP; 
but, 4 AB = p ,. 

then, J)' = P+4AP = p+4x. 



PROPOSITION X. 

THEOREM. 

{f, fr<ym the extremities of a double ordinate to any 
diameter, ordinates he drawn to the axis, and also a tan- 
gent be drawn to the curve at the vertex of the diameter ; 
tlten each oftJte triangles formed hytlie mutual intersection 
of the diameter and the ordinates produced if necessary, is 
equivalent to the parallelogram resulting from the inter- 
section of the axis and diameter hy the tangent and double 
ordinate. 

Let M'M" [Fig. 20] be a double ordinate to the dia- 
meter JIX', and let tlie orchnate MT' to the ajiis, and 



the tangent MT at M tlie v 
drawn; tlien will the triangli 
the parallelogram MOST. 
For (Prop. II. Cor. 1), 

MP' : M'P'' 



irtex of the diameter, bo 
M'KO be equivalent to 



AP : AF 

APxPM : AP'xPM 

APMR : APTiR. 
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But tlie triangles MPT, M'P'S, similar because their sides 

are parallel, give (Geom. IV. 25) 

MP= : M'F^ : : MPT : M'P'S; 

hence, MPT : M'P'S : : APMR : AP'IOl; 

but (Prop. Vin. Cor. 2), MPT = APMR; 

therefore, M'P'S = AP'KR. 

But M'P'S = KOSP'+M'KO, 

and AP'KR = KOSP'+OSAR: 

hence, M'KO = OSAR. ..[B] 

Now the triangles YAT and MYR are equal, since they are 

right-angled and have the angles at Y equal, and the side 

AT = AP = the side MR; and hence 

OSAR = OSAYM+MYR 
= OSAYM+YAT 
= MOST. .-.. .-- [C] 

Therefore (Equation [B]), 

M'KO = MOST. 
Again : From M" let the ordinate M"P" be drawn 

to the axis, and produced to meet the diameter in K' ; 

then will the tiiangle M"K'0 be equivalent to the pa- 
rallelogram MOST. 

For, in the same way as in the first case, only using the 

letters M", P" and K', instead of M', P' and K, it may be 

show-n that M"P"S = AP"K'R; 

and adding to each member of the equation the trapezoid 

OSF'K', we have M"K'0 = OSAR; 

but (Equation [C]), OSAR = MOST, 

hence M"K'0 = MOST. 

Cor. Every diameter bisects its double ordinates. 

For, the triangles M'KO and M"K'0, being each equiva- 
lent to the parallelogram MOST, are equivalent to each 
other : they are moreover similar; consequently all their 
parts are equal, and M'O = M"0. 
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PROPOSITION XI. 



The square of an ordinate to a diameter, is equal to the 
product of the corresponding abscissa and the parameter 
of tlie diameter. 

Denoting by p' the parameter of the diameter MX' 
[Fig. 20], M'O^ = /.MO. 

For, the ti'iangles M'KO and MPT, similar because their 
sides are parallel, give 

M'0= : MT^ : : M'KO : MPT; 
but (Prop. X.) M'KO = MOST, antl 

(Prop. VIII. Cor. 2) MPT = MPAR; 

iieiice, M'ff : MT^ : : MOST ; MPAR [Dj 

Now the parallelograms MOST, MPAR, being of Uie same 
altitude MP, are to each other as their bases ST (or MO) 
and AP, and give 

MO ; AP : : MOST : MPAR; 
therefore, comparing this with Proportion [D], 

M'O^ -. Mr : : MO : AP. 
But, Mr = P.AP+4AP; (Prop. VIII. Cor. 3.) 
hence the above proportion becomes 

M'0= ■■ ^.AP4-4AP' : : MO : AP, 

and M'O. _ t^?+li^xMO 

AP 

= (p+4AP)M0 : 

but (Prop. IX.), ;)+4 AP = f'; therefore, 

M'O^ = /.MO. 

Cor. I. M"0^ = p'.MO ; for M"0 = M'O. 

Cor. II. The squares of ordinatcs to a diameter are 
to each other as the corresponding abscissas. 
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OnAPTKE HI. 
THE HYPERBOLA. 



DEFINITIONS- 

I. The HYrERBOLA is a curve in which the difference 
of the distances of each point from two fixed points 
called Uie foci, is equal to a given line. 

Let F and F' [Fig. 21] be the foci of an hyperbola jVIAM'; 
then if from any point M of the curve the straight lines MF 
and MF' bo drawn, their difference MF'-— MF is equal to a 
given line. 

Remark- It will be shown that the hyperbola consists 
of two equal and opposite branches MAM', M"A'M"'. 

II. The middle of the straight line which joins the 
foci, is called the centre of the hyperbola. That part of it 
which is intercepted by the curve, is called the transverse 
axis. 

Thus, C, the middle point of the straight line FF', is the 
centre, and AA' is the transverse axis of the hyperbola 
MAM'. 

III. The line drawn through the centre, perpendicular 
to the transverse axis, and terminated by the circum- 
ference described from one of the extremities of the 
transverse axis as a centre, and with the distance from 
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the centre to one of the foci as a radius, is called the 
conjugate axis. 

Thus, the straight hne BB' drawn through C perpendicu- 
lar to AA', and terminated hy the circumferenne described 
from A as a centre, and with CF as a radius, is the conjugate 
axis of the hyperbola MAM'. 

IV. The parameter is a third proportional to the 
traiisversf3 and conjugate axes. 



PROrOSiTION I. 

PROBLEM. 

To describe an liyperhola. 

FIRST METHOD : BY POINTS. 

Let F and F' [Fig- 31] be the foci, and X the given 
line. 

Through F and F' draw an indefinite straight line, 
aiid from C the middle of FF' lay off CA and CA' each 
equal to the half of X ; then A and A' are points of the 
curve- 

For, by construction, 

CF-CA = CF'-CA', or FA = F'A'i 
hence F'A-FA= F'A— F'A' = AA' = X, 
and FA'-F'A' = FA'-FA= AA' = X. 

That is, the difference of the distances of each of the 
points A and A' from the foci is equal to the given line, and 
hence (Def. I.) they are points of the hyperbola. 

Remark. In the ellipse, the points A and A' lio with- 
out F and F' ; in the hyperbola, they lie within : so that 
in the ellipse we have X > FF'; 
in the hyperbola, X < FF'- 
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To find other points of the curve : On the line CF 
producedi and to the right of the point F, take any point 
L, and from F and F' as centres, and with AL and A'L 
as radii, describe two arcs of circles ; the points M and 
M' in which they intersect, are points of the curve. 

For, (Irawing the fines FM, F'M, FM', F'M', we have 
F'M -FM = A'L-AL = AA' = X, 
and F'M'-FM'= A'L-AL = AA = X. 

Reciprocally, if with AL and A'L as radii, and from 
F' and F as the respective centres, arcs be described, 
two other points M" and M'" will be determined. 

By giving to L different positions, other points may in 
like manner be determined. 

Remark. I'he precedmg construction requires the 
point L to be situated to the right of F ; for were it on 
the other side, at L' for instance, we should have 

AL' < AF, 
or AA'+2 AL' < AA'+2 AF, 

or A'L'+ AL' < FF'; 

that is, the sum of the radii A'L', AL' less than FF' 
the distance of the centres, so that the circumferences 
would not meet. 

Cor. I. If through C a straight line BB' be drawn 
perpendicular to FF', it is evident that in relation to this 
line the points M" and M'" are situated m precisely the 
same manner as the pouits M and M' ; so that for any 
two points of the curve to the right of BB', there arc 
two corresponding points to the left of that line- Hence 
the hyperbola is composed of two equal and opposite 
branches MAM', M"A'M"', similarly situated with re- 
spect to BB'. Moreover, as we may take I^ as far to tlie 
right of F on CF prolonged as we please, or, in other 

(Con. Sedions.) 7 
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words, may employ radii indefinitely great, these two 
branches are infinite in extent- 

Cor. II- It may also be readily shown that the line 
MM' is perpendicular to FF', and bisected by it : con- 
sequently the cui've is divided by the line FF' into two 
equal parts, similarly situated with regard to it. 

SECOXD METHOD : BY COKTI^'UOUS MOTION. 
Let one of the extremities of a ruler F'G, greater than 
FF', be fixed at the point F', and at the other extremity 
let a thread be attached of such a length that the length 
of the ruler shall exceed that of the thread by the con- 
stant quantity X; also let the other extremity of the 
thread be fixed at the point F ; tlien move the raler 
about fhe point F', at the same time keeping the thread 
tense by applying a portion of it to the rLilcr by means 
of a pencil : the point of the pencil will describe a 
portion of an hyperbola. For in every position of the 
ruler, we shall have 

(F'i\'H-MG)-(MF+MG) = X, 
or F'M-FM = X. 



PROPOSITION II. 

THEOREM. 

Tlw semi-conjugate axis is a mean proporiionat h 
the distances from either of the foci to the extremities of 
the transverse axis. 

That is [Fig. 22], 

FA : BC : : BC : FA'. 

For, BC^ = AB^-AC= = CF=— CA=, {Def. III.) 
or BC^ = (CF+CA)x(CF-CA) = FAxFA'; 

and hence, FA : BC - BC : FA'. 
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PROPOSITION III. 

THEOREM. 

The 'parameter is greater than four times the distance 
from one of the vertices of the transverse axis, to the 
adjacent focus. 

That is, the parameter being denoted by p, we have 

p>4AF. [Fig. 22.] 

For (Def. IV.) 

2 AC : 2 BC : : 2 BC : p, 

SBC' 
or p = -^^. 

But (Prop. II.), 

BC^ = FAxFA' = FA(2AC+FA); 

hence, by substitution, we get 

4FAxAC-|-2FA^ 

P-' AC 

2rA= 



= ^^^+^- 



PROPOSITION IV. 

THEOREM. 

The square of an ordinate to the transverse axis, is to 
the product of the corresponding abscissas, as the square 
of the conjugate axis, is to the square of the transverse 

That is, if MP [Fig. 22] be an ordinate to the trans- 
verse axis ; then, 

MP^ : APxA'P :: BB'^ : A A**. 
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Let AC = a, BC -= &, FC = FC = c; 
and let CP = a.', and MP = t/ : then, 
PF = c-x, and PF' = c+x . 
Also let F'M = z+a, z being a variable quantity; 
then, FM = z~a. 

The right-angled triangles PMF, PMF' give 
FM* = MP'+Pi'^ 
and F'M= = MPHPF'^; 

or, substituting, {z—aY = J^+C*^~^)% 
and {z+af = f+lc+xf. 

Developing, and subtracting the first equation from 



the 



second, we find z = — ; 

and substituting this value of z in the second equation, we 



or 


d'^+2u^cx+(i* = 


oy+o-c 


+2Ax+aV 




OP cV 


— aV 


-oV+a' = 


a'f. 








0, „V- 


-«■)- 


«•(.?-.■) = 


"Vi 








or, since 


c'-a' 


= »■> 
(i«-a')i- - 


«y. - 






.[A] 


And hence w 


E derive the proportion 










f 


: 3? — 1^ 


:! t" 


■■ ii'i 






that is. 


MP 


: CP'-OA" 


:: CB> 


: CA', 




-[B] 


or 


MP 


: CP^-CA^ 


: : Bli" 


: AA" 






But, CP> 


-CA" 


= (CP+CA) 


X(CP- 


CA) - 


APxA'P; 


hence. 


jyip 


: APxA'P 


.: BB' 


: AA' 







Cor. I. The squares of ordinates to the transverse axis 
are to each other as the products of the corresponding 
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For, M'P being any other ordinate to the transverse axis. 



we have MP^ : APxA'P 

and M'P'= : AP'XAT' :; BB" 

hence, MP^ : M'F^ ■ ■■ APxA'P 



AA'% 
AA'^; and 
AP'XA'P'. 



Cor. n. MP^ : M'P'= ; : CP=-CA' : CP'^-CA^ 



and dividing the second member by AC, 
2BC^AC 
^ = AC ' 
and hence, p : 2 AC : : BC^ : AC^ 
or (Proportion [B] ) 

p : 2AC :■. MP' : CP'-CAS and 

consequently MP^ = (CP^— CA=)^^. 



PROPOSITION V. 

THEOREM. 

The square of an ordinate to the conjugate axis, is to 
the sum of the squaresofthe corresponding abscissa and 
the semi-conjugate axis, as the square of the transverse 
axis is to the square of the conjugate axis. 

That is, if MP" [Fig. 32] be an ordinate to tlic axis 
BE' ; then, 

MP"^ ; CP"=+CB= : : AA'^ : BB'^ 

Let CP" = a/, and MP" = y'; then, 

a; = CP = MP" = y', and y = MP = CP" = af. 
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Substituting these values of x and y in Equation [A], 

.y - {x'-„-)i', 

we have eV^ = (y'^— a')6'i 

and multiplying and transposing, 

by - oV'+»'i" - <i'(i»+4-), 
wliicli gives y : 3;'^+6^ ; 



that is, MP'" : CP"«+CB' 



(2»)- 
AA" 



(2S)'; 



PROPOSITION VI. 

THEOREM. 

J'Ae double ordinate to the transverse axisy drmon 
through either focus of an hyperbola, is equal to the 
parameter. 

That is, if NN' [Fig. 22] bo the double ordinate to 
AA' drawn through one of the foci, as F ; then, 

AA' ! BB' : 1 BB' : NN'. 
We have (Proposition IV, Proportion [B]), 
MP" : CP'-AC" : : BC : AC"; 
and consequently when the abscissa CP becomes CF, we 
have FN« : CF'-AC" : : EC" : AC>; 

but (Def. III.) OF"- AC" - AB«-AC' - BC; 

hence FN" : BC : : BC" : AC", 

and FN : BC : : EC ; AC; or inverting the 

proportion, and doubling each term, 

AA' ; BB' .- : BB' : NN". 
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PROPOSITION VII. 

THEOREM. 



37*6 difference of the lines drawn from the foci to a 
point in the plane of the hyperbola-, is less than the trans- 
verse axis if the point he without the curve, but greater 
if it he wiihin. 

That is, if R' [Fig. 22] be a point without the hyper- 
bola, and R a point within the curve ; then we have, 

1. F-R'-rH' < AA'; and, 

2. F'R -FR > AA'. 

For, in the first case we have 
F'R' = MF'-MR' and FR' > MF-MR'; and 
consequently, F'R'— FR' < MF'— MR'— MF+MR' 

< MF'~MF 

< AA'. 

And in the second case we have 
F'R = MF'+MR, and FR < MF+MR; and 
consequently, F'R— FR > MF'+MR— MF~-MR 

> MF'— MF 

> AA'. 

Cor. a point is without or within the hyperbola, 
according as the difference of the lines drawn from it to 
the foci is less or greater than the transverse axis. 
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The straight line which bisects the angle contained by 
the radii vectores of any point of the hyperbola, is a 
tangent to the curve at that point. 

That is [fig- 33], M being any point in the curve, if 
the straight line DMN be drawn so as to bisect the angle 
FMF' ; then will every point of that line, except M, be 
without the curve, and consequently DMN will be a 
tangent to the curve at M. 

Let D be any point except M of the line MX; make 
MI = MF, and draw the straight lines FI, DI, DF and DF''.' 

DN, which bisects the angle FMI of the isosceles triangle 
FMI, bisects the hase FI at right angles; hence the triangle 
FDI is isosceles, and we have 

FD = DI; 
therefore, F'D-FD = F'D— DI : 

now F'D is < DI+F'I, and hence 

F'D-DI is < FI < AA' (since F'l = AA'); 
consequently F'D— FD < AA', 

and therefore the point I) is without the cun-e. 

GoR. I. From the above, a method of drawing a tan- 
gent to the hyperbola, at any point M of the curve, is 
obvious. 

Cob. II. If it be required to draw a tangent to the 
hyperbola, which shall pass through a given point D 
without the curve ; then from F' and D as centres, and 
with radii equal respectively to AA' and FD, describe 
two arcs of circles ; and through I their point of inter- 
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section and the focus F', draw F'l meeting the curve in 
M ; NMD is the tangent required. 

For, since F'l = AA', and F'M— FM = AA', 
we have F'l = F'M— FM, 

or F'l = F'l+MI— FM, 

and hence MI = MF. 
We also have DF = DL 

Hence it may be easily shown that BN hisects the angle 
FMI : it is therefore a tangent to the curve at M, 

As the circles intersect in two points, two tangents 
may be drawn to the curve from the given point D. 

Cor. III. The opposite vei-tical angles DMI', NMl 
are equal ; also NMI = NMF : 
consequently DMF = NMF. 

Cob. IV. The tangents at the extremities of the trans- 
verse axis ai'e perpendiciilar to that ajds. 



PROPOSITION IX. 

THEOREM. 

If, from titefoci, perpendiculars be drawn to a tangent 
at any -point of the hyperbola, they toiB meet it in the cir- 
cumference of the circle described on the transverse axis. 

That is, if from F and F' [Fig. 24] perpendiculars be 
drawn to NN', the points N and N' are in the circum- 
ference of the chcle descnbed on AA'. 

In addition to the preceding construction, draw F'N' 
perpendicular to NN', join the points C and N, and produce 
CN to meet F'N' in D. 

( Con. Sediona.) 8 
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FN is perpendicular to NN' by the preceding theorem. 
Since FC = CF' and FN = NI, CN is parallel to F'l 
(Geom.iV. 16), and the triangles F'FI and CFN" are simi- 
lar; therefore, 

CN - i F'l = i AA' = AC. 

Again, since DN and F'l are parallel to each other, and 
also FN and F'N', they being perpendicular to the same 
straight line NN', the figure DNIF" is a parallelogram, and 

DN - F'l - 2 AC; 
but CN = AC; 

hence DN— CN = AC, 

or DC = AC. 

Hence if from C as a centre, and with CA as a radius, the 
circumference of a circle be described, it will pass through 
the points N and D; and since NN'D is a right angle, it 
will also pass through N'. 



PROPOSITION X. 

THEOREM. 

If, from the foci of an hyperbola., perpendiculars be 
drawn to a tangent at any point of the curve, then will the 
product of the perpendiculars be equal to the square of 
tlie semi-conjugate axis. 

That is, the constmction being the same as in tlie 
preceding proposition [Fig. 24], 

FNxF'N' = BC^. 

For (Geom. IV. 29), 

F'N'xF'D = F'A'xF'A; 
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but since DNIF' is a parallel ogiam, F'D = FN, and 
(Prop. II.) F'A'XFA = BC"; 

hence, F'K'xFN = EC^. 

Cor. In addition to the preceding construction, let 
FN" be drawn perpendicularly to the tangent at M'; 
then, 

FN: FN":: I™ : I™. 

For, the right-angled triangles FNM, F'N'M, having the 
angles FMN, F'MN' equal, are similar; and hence, 
FN : FM : : F'N' : F'M, 

_., FMXF'K' 
and FN = -^^-. 

or, inirltiplying each nrernher of the equation by FN, 
FM „,„ FM 

"■I ™ _ BC. Jl^, 

hence, for the perpendicular FN" upon the tangent at M', 



_ ^^ /FM' 
and consequently 



-n„ fFM' 



/FM . m 



FW 
F'M' ■ 



Scholium- This is the same result apparently as in the 
elhpse (Chap. I. Prop. XII.) : but m that curve, since 
FM+F'M = AA', as FM mcreases, F'M diminishes; 
whilst in the hyperbola, since F'M~FM = AA', or 
F'M=AA'+FM, as FM increases, F'M also increases. 



:yGoogIe 



E C T I O N S. 



PROPOSITION XI. 

PROBLEM. 



To find the algebraic expression of the radii vectores 
of the hyperbola. 

From the foci, draw FM, F'M [Fig. 33] to any point 
M of the hyperbola : Required the algebraic expressions 
of these lines. 

Employing the same algebraic symbols as in tlie fourth 
proposition, we have F'M = z+a and FM = z—a, and it 

is there shown that z = — ; hence, by substitution; 

-r-,,,, ex cx-i-a^ 



FM = ^ -« 



PROPOSITIOJS" Xlt. 

PROBLEM. 

To find the algebraic expression of the subnormal of 
the hyperbola. 

Draw MQ [Fig. 93] perpendicular to the tangent DN 
at M the point of contact ; then MQ is the normal to the 
hyperbola at M, and PQ is the subnormal : Required 
the algebraic expression of the latter line. 
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The lines FN and QM, being perpendicular to the tangent 
DN, are therefore parallel to each other, and we have 

F'l : F'F : : IM •■ FQ, 
)r F'l ; F'F r : FM ; FQ, 

)r 2a ■ 2c :: — ~ — : FQ; 

lence, FQ = 2 c . - ■ - -- = ■ 5—. 

Also, FP = CF— CP = c—x; but the subnormal 
PQ = FQ+FP = ^^5rf^' +C-X 
<?x —ca^+ca'—xa^ 



Cor. Denoting by p the parameter to the transverse 
ms, we have 

2a : 26 :: 26 : p; 



therefore, PQ = ^, and VQ.2a = fx; 

whence 2 a : p : : x '■ PQ, 

or AA' : p : : PC : PQ, 

and hence (Geom, IV. 2) PQ may be determined. 

Remarh The method of drawing a normal or tangent 
to the curve, by means of the subnormal, is obvious. 
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PROPOSITION XIII. 

I'ROBLEM. 

To find the algebraic expression of the suhtangent of 
the /lyperbola- 

Since PM [Fig. 23] is perpendicular to TQ the hyp o- 
theniise of the right-angled triangle TMQ, we have 
PQ : PM : : PM : PT, 

or —X ■■ y ■■ •■ y : r 1 ; 

and hence PT = J^ ; 



V(a^-a'); (Prop. IV. [A]) 



OoK. I. PT = ?!=f." _ (Iti-fcli); 
hence x ■ x+a ■ •■ x—a ■ PT 

that is, CP : A'P : : AP : PT, 
and hence (Geom. IV. 2) PT may he determined. 

Remark. The method of drawing a tangent to the 
hyperbola, by means of the suhtangent, is obvious. 

Cor. II- If on AA' as a transverse Eixis, different 
hyperbolas be described, Jind at the points which have 
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a common abscissa x, tangents be drawn, tliey will in- 
tersect AA', produced if necessary, in the same point ; 

for the expression of the subtangent, — — , is indepen- 
dent of the conjugate axis. 

Cor. III. If a tangent to the hyperbola meet the 
transverse axis, and from the point of contact an ordinate 
be drawn to the same axis ; then is the semi-transverse 
axis a mean proportional between the distances from the 
centre to the intersections of the axis by the ordinate and 
tangent. That is, 

CP : CA : : CA : CT. 

For, denoting the subtangent by s, we have 

or ai' = x'^—sx = x(^x—s). 

and hence, a; -a ■ ■ a '■ x~s; 
that is, CP : CA : : CA : CT. 



PTxPC = CP^-CA'. 



PROPOSITION XIV. 

PROBLEM. 

To find the algebraic expression of the subtangent, 
measured on tlie conjugoie axis. 

The similar triangles MPT, MPT [Fig. 23] give 
TP : PM : : MP'=CP : P'T', 
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— • y :: X : P'T' 
FT' = y^ = J^. 



but a'^if = h''{a?—a?''); hence x^—a" = — ^, 

and if - ?# +0' = iSiii. 

Substituting tliese values of a^ and x^ — n' in tlie expression 
for P'T', we have 

P'T' « *' _ !<;y±f23 



<J 

Con. CP' ! CB : : CB ! CT'. 
For, denoting P'T' by s', we have 

s' -S-, and 4' = .I'j-y' = yCs'-y); 

and hence y : 6 : : & : s'—y, 

that is, CF : CB : i CB : CT', 

and thus CT' can be determined. 
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OF DIAMETERS AND ASYMPTOTES. 

Def. V. The asymptotes of an hyperbola are the in- 
definite strajght lines drawn through the centre of the 
curve, so as to cut the tangent at the vertex at a distance 
from the vertex, equal to the semi-conjugate axis. 

Thas, the straight lines ZY, Z'Y' [Fig. 26], di'awn through 
Cj and cutting XX' the tangent at A, so that AX and AX' 
ai'e each equal to BC, are the aaj'mptotes of the hyperbola 
MAM". 

Vr. Any straight line drawn thi'ough the centre, and 
terminated by tlie opposite branches ol the hyperbola, is 
called a diameter. 

Thus, MM' is a diameter of the hyperbola MAM". 

VII. A straight line passing through (he centre, 
parallel to the tangent at one of the extremities of a 
diameter, and terminated by the straight lines drawn 
from the point of contact parallel to the asymptotes, is 
called a conjugate to that diameter. 

Thus, NN' dra\vn through C parallel to TT' the tangent 
at M, and terminated by the straight lines MN, MN' drawn 
from M parallel to Z'Y' and ZY, is the conjugate to MM'. 

VIII. An ordinate to a diameter, is a straight line 
drawn from any point of the curve, parallel to the tan- 
gent at the extremity of that diameter, and termmating 
in the diameter produced. The parts of the diameter 
produced which are intercepted by its extremities and 
the foot of the ordinate, are called abscissas. 

Thus, M"Q [Fig. 28] is an ordinate to the diameter MM', 
and MQ and M'Q are the corresponding abscissas. 
(Con. Sections.) 9 



:yGoogIe 



! C S E C T 1 



PROPOSITION XV. 

THEOREM. 



if a radius vector he drawn from the extremity of any 
diameter, to meet its conjugate, produced if necessary, the 
part intercepted by tlie conjugate is equal to the semi- 
transverse axis. 

If the radius vector MF' [Fig. 95] be drawn from M 
the extremity of any diameter MM', the part MG' in- 
tercepted by the conjugate NN' is equal to AC. 

For, drawing FD parallel to MT, we have the angles 
MDF, MFD equal respectively to their alternate angles 
T'MD, TMF; but (Prop. VIII. cor. 3) the latter angles are 
equal to each otlier : hence we have 
MDF = MFD, 
and consequently MF = MD. 

Also since CG' is parallel to FD, and F'C^l'C, we have 
F'G' = G'D; 
therefore, MG' = G'D-MD 

= G'F'-MF. 
Also, MG'.''^ MF'-G'F'; hence, 

by addition, 2 MG' = MF'-MF = 2 AC, 

and MG' = AC. 

Cor. The triangles Mf'D, MGG' being similar, and 
MFD bosceles, we have MGG' isosceles ; and hence 

MG - MG' = AC. 
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PROPOSITION XVL 

THEOREM. 

jy, Jrom any point of an hypeihoh, an oidmate he 
drann to the transverse ans, and ptoduced to meet the 
asymptotes , then will the rectangle of the segments into 
which it IS dimded hj that point he tqmd lo the •.qnaie 
of the ^emi conjugate am 

That If,, if tlie oiamate DP [Fig 2i<\ to \M be pio- 
duced, meeting the asymptotes in Z and 7/ ; then, 
DZxDZ' ^ BC. 

The similar triangles CAX, CPZ gvve. 

CA : AX : : CP : PZ, 

or a : h :■. X ■ PZ; 

bx 
and hence, PZ = — , 

Now DZ = PZ~PD, and DZ' = PZ'+PD : but PD is 
denoted by y, and the triangles CPZ, CPZ' being equal, 
PZ = PZ'; hence we have, by substitution, 

DZ - '^-j. 



and JJZ'- -+y, 

and, bj miiltiplifiaUon, 

DZxDZ' = '^ -./• : 
a' 

but (Prop. IV. Equation [A]), 
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therefore DZxDZ' = ^ — ^ +b' = }yi^ 

CO- DZxliZ' = BCl 

Cor. J. DZ : BC : : BC : DZ'. 

GoR. II. As Uie asymptotes and the branches of the 
hyperbola are produced, the latter continually approach 
the former, but never meet them. 

1. As the point D moves on the curve from the vertex A, 
UZ' intircases; Lut from the equation 

DZxDZ' = BC^ 
it appears that as HZ' increases, DZ diminishes : con- 
sequently the branches of the cui-ve continually approach the 



r, and (Prop. IV. 



that is, no point D of the curve can ever meet the cor- 
responding point Z of the asymptote. 

Schol. If, in tlie equation PD^ = — ^ — &% we suppose 

x infinite, then the Cmite term h^ may be diopped, giving 

PD^ - ~, and consequently PD = PZ. 

We may say, then, that the branches of the hyperbola 
meet tlie asymptotes at an infinite distance from the 
centre. 
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['ROPOSITION XVII. 

THEOREM. 

^ijrom any point of the cui've, a line be drawn to meet 
one of the asymptotes, parallel to the other, the rectangle 
of this line and the distance from the centre to its inter- 
section with the asymptote is constant, and equal to the 
square of half the diagonal of the rectangle described on 
the semi-axes- 

That is, MO [Fig. 26] being drawn fi-om any point 
M of the cui-ve, parallel to CZ' ; then, 
MO. CO = AK^. 

Through M, let 11' be drawn pei-pendicular to AA'. Since 
BC is equal and parallel to AX', we have AB parallel tc 
CX', and hence parallel to MO; we also have AX parallel 
to MI ; therefore the triangles AlfX, MOI are similai'j and 
give MO : AK : : MI : AX, 

or : : MI : BC ; 

hut (Prop. XVI. cor. 1), 

MI : BO ; : BC : I'M; 
therefore MO : AK : : BC : I'M _ [C] 

Again, the similar triangles AKX, IT'M give 
AX : I'M : : XK : MI", 
or BC : I'M : : XK : MI" ; 

hut [C\, MO : AK :: BC : I'M; 

therefore, MO : AK : : XK = MI", 

and MOxMI" = AKxXK; 

or, since (Geom. I. 31) AK = XK and MI" = CO, 
MOxCO = AK'. 
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Cor. I. Let MO = (, CO = u, and AK = h; then, 

The quantity h^ is called the square of tlie hyperbola- 

Cor, II, The triangle ABC gives 

AB^ = AC^+BCn 
and hence (2/i)-= (i'-\-lf, 

and A« = ^ + ?- 

4 4 

Cor. III. Since MOxCO = AK', and AK = GK, we 
have MOxCO = CKxAK; 

and hence, MO ; AK : : CK : CO. 



PROPOSITION XV III. 



If a straiglit line he drawn-, intersecting the hyperbola 
and meeting the mi/mptotes, the parts comprehended be- 
tween the asymptotes and tlie curve will he equal to each 
otlter. 

Let QQ' [Fig. 27] be any straight hne intersecting the 
curve in M' and M", and meeting the asymptotes in Q 
and Q'; then will Q'M" = QM'- 

Through M' and M" draw W and RR' perpendicular 
to t^e transverse axis; then the similar triangles R'Q'M", 
V'Q'M' give 
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Q'M" ■■ R'iM" : ; Q'M' ■■ V'M'; 
and the similar triangles QM"R, QM'V give 
QM" : RM" :: QM' : VM'; 
and multiplying these two proportions term by term, we have 
Q'M".QM" : R'M".RM" ;: Q'M'.QM' : V'M'.VM'. 
But (Prop. XVI.) tliE second and fourth terms are equal; 
iience Q'M".QM" = QM'.Q'M', 

or Q'iM"(QM'+M'M") = QM'{Q'M"+M'M"), 

orQ'M".QM'+Q'M".M'M" = QM'.Q'M" +QM'.M'M", 
or Q'M".M'M" = QM'.M'M", 

or Q'M" = QM'. 

Cor. I. If a tangent be drawn lo the hyperbola at 
any point, the part intercepted by the asymptotes is 
bisected at the point of contact. 

For we may consider the tangent TT' as a secant in which 
the part within the curve is reduced to zero; and by the 
proposition, we have the exterior segments MT, MT' equal 
to each other. 

Cor. II. MO = ON. [Fig. 26.] 

The similar triangles CT'T and GMT give 
T'T : MT : : T'C : MO. 

But, MT = i TT'; hence, MO = | T'C = ^ MN; 

consequently MO = ON. 
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PROPOSlTrON XIX. 



If a tangent to the hyperbola at any point he produced 
to meet the asymptotes, and straigJit lines be drawn parallel 
to it, intersecting the curve, and terminated by the asym- 
ptotes; then the rectangles of the segments into which 
these lines are divided by the curve are equal to each atlier, 
and equal each to the square of half the tangent. 

That ia, if QQ', SS' [Fig. 37] be drawn parallel to 
TT'; then, 

Q'M"xQM" = S'lI'^xSM'' = rap. 
Through M" and U'", let RE.', VV be drawn pei'pcn- 
dicular to the transverse axis; then the similar triangles 
R'M"Q', V'MivS' give 

Q'M" : WM" : : S'M'" : \'W; 
and the similar triangles M"RQ, M'^^S give 
QM" : RM" ■■ •■ SM'" : VM"; 
and by multiplication, we have 
Q'M".QM" : R'M".RM" :: S'M''.SM" : y'M'WiV. 
But (Prop. XVI.) the consequents in this proportion are 
equal; hence the antecedents are also equal, and we have 

Q'M".QM" = S'W.SM'". 
Now if the secant QQ' be supposed to coincide with the 
tangent, it is evident that the above equation will still be 
true, and we shall have 

S'A'r'-xSM" = T'MxTM 

= TM'. (Prop.XVIlI.cor.l.) 
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PROPOSITION XX. 

THEOREM. 



Every diameter-, and its conjugate, are bisected at the 
ventre. 

Let MM' [Fig. 36] be any diameter, and NN' its 
conjugate ; then, MC = M'C, and NC = N'C 

Take Cp = Cp'; draw the ordiiiates Mp and M'p'; and 
join C and M, C and M' : then we have p'M' = pM; and 
hence the right-angled triangles CpM, Cp'M' are equal to 
each other, and CM = CM'. 

Also since the vertical angles pCM, p'CM' are equalj and 
AA' is a sti-aight line, MC is in the same straight line with 
M'C; and MM', bisected at C, is a diameter. 

Again : The parallelogram MTCN' gives CN' = MT, 
and the parallelogram MNCT' gives CN = MT' : but 
(Prop. XVIII. cor. 1) MT = MT'; hence 
CN = CN'. 

Cor. MN is parallel to M'N'. 



PROPOSITION XXI. 



The square of' an ordinate to any diameter, is to the 
rectangle of the corresponding abscissas, as the square 
of the conjugate to that diameter, is to the square of the 
diameter itself. 

Let MM' [Fig. 28] be any diameter, NN' its conju- 
gate, and M"Q any ordinate to MM' ; then, 
M"Q' ; M'QxMQ : : NN'« ; MM'«. 
[Con. Sections.) 10 
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The Uiigent MT being drawn, and the ordinate produced 
to meet the asymptotes, we have, by similar triangles, 

CM : MT : : CQ : QQ'; 

or, putting CM = a', MT = CN = V, and CQ = x', 

a' : V : : x' : QQ'; 

and henee QQ' = -— » 

Now since Q'Q" is parallel to XT', and TM = T'M, 
(Prop. XVIII. cor. 1)QQ" = QQ'; 
and moreover Q"M'"= Q'M"; (Prop. XVIII.) 

therefore -QM" = QM'". 

Denoting then QM" or QM"' by y', we have 



and Q"M'" = QQ"-QM"' - -x'-y'; 

and hence, by multipllcntion, 

Q'M"'xQ"M"' = ~^x^-y'\ 

But (Prop. XIX.) Q'M"'xQ"M"' - TM^ = V 
therefore ~^'^~~y"^ ~ ^'^i 

and bV^ — a'^y'^ = a'^b'^, 

or a'^y'^ = b'^x'^—a'^b'^ = b'\z'~~a"'); 

hence y"^ : x'^—a'^ : : 6'^ : a'^, 

and y'^ : i^x'-'ra''}.{^jf—a') : : 6'^ : a'^; 

that is, M"Q' : M'Q.MQ :: CN^ ; CM^ 

:: NN'^t MM". 
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Remark. All thai has bwen demonstrated relative to 
the ordinates M"Q, M"'Q, may in like manner be shown 
to be true of the ordinates M'^Q'", M''Q"'. 

Cor. I. Tangents to the hyperbola at the extremities 
of a diameter, are parallel to each other ; thus, the tan- 
gent at M' is parallel to the tangent at M. 

Cor. II. Since the straight lines MN, M'N' [Fig. 26] 
are parallel (Prop. XX. oor-), if they be produced to 

meet the tangents at M' and M, the quadrilateral 

MN"M'N"' thus formed will be a parallelogram. This 
parallelogram is said to ho constructed upon the diameter 
MM' and its conjugate. 



PROPOSITION XXII. 

THEOREM. 

The paraJJelogram constructed upon any diameter and 
Us conjugate, is equivalent to the rectangle of the axes. 

That is [Fig. 2fi], the parallelogram MN"M'N"' is 
equivalent to the rectangle XXOfX'". 

Let MS and AS' be drawn perpendicular to CT; then the 
triangles MOS, AKS' are similar, and give 

MO : AK : ; MS : AS'. 
But (Prop. XVII. cor. 3), 

MO : AK :: CK : CO; 
hence MS : AS' : : CK ; CO, 

and CKxAS' = COxMS, 

or 2. (the triangle CAK) = 2. (the triangle CMO). 
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Now siiK;e CK — KX, 

the triangle CAX = 2. (the triangle CAK); 
and since MO = ON (Prop. XVIII. cor. 2), 

the triangle CMN = 2, (the triangle CMO), and 
therefore the triangle CAX = the triangle CMN; and 
hence the rectangle CAXB = the paTalleiogram CNMT', 
or the parallelogram MN"M'N"'=the rectangle XX'X"X"'. 

Cor. I. If MO' be drawn perpendicular- to NN', we 

have the parallelogram CNMT' = CNxMO'; 

and hence CNxMO' - ACxBC, 

BC=XAC^ 
«nd CIS' = „,^„ - 



Cor. JI. Draw FZ, F'Y [ Fig. 95] perpendicular to 
the tangent at M ; then since the tangent bisects the 
angle FMF', the triangles FMZ, F'MY are similar to 



each othci 


.■ ; they an 


e also similar to the triang] 


Hence we 


: have 








F'M : 


I'Y :; 


MG : MO', 


anil 


FM : 


FZ ; ; 


MG : MO'; 


and raultiplying. 






r'MxFM : 


; rZxF'Y : : MG> : MO" 


But (Prop. 


X.) FZxFY 


= EC, 


and (Prop. 


XV. cor.) 


MG 


= ACi 


hence 


F'MxFM 


: : BC 


: : AC : M0'>, 


and 


F'MxFM 


BC'xAC" 



■■ CN". (Cor. I.) 
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PROPOSITION XXIII. 

THEOREM. 



The d^erence of tlie squares of any diameter and its 
conjugate, is equal to the difference of the squares of the 
axes. 

That is [Fig. 25], 

MIP-NN" = AA»-BB'». 

From tlie triangles MCF and iVICF', we liave (Geom. IV. 
13 and 12), MF" - MC«+CF' -2CF xCP, 
and MF"= MC«+CF"+2CF'xOP. 

Adding, and recollecting tliat CF = CF', we have 

MF"+HP" = 2MC"+2CF»; 
and hence 2 MC> = MF"+MF'"-2 CF'. 

Bnt (Prop. XXII. cor. 2), 2 CN" - 2 MFxHF'; 
hence, subtracting, 

2MC>-2CN" - MF"-2MF.iMF'+MF'~2CF» 

- (MF'-MF)«-2 CF" 

- 4 AC"-2 CF« (Def. I.) 
= 4 AC'-2 A0«-2 BC 

{since CP — AC'+BC) 
= 2AC'— 2EC=; and consequently 
4MC"-4CN> - 4AC"-4BC», or 
MM" - NN'» - AA'" - BB". 
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CHAPTER TY. 



IDENTITY OF THE PRECEDING CURVES WITH PLANE 
SECTIONS OP THE CONE. 



DKFmiTIONS. 

I. If a straight line touching the circumference of a 
circle, and passing through a point without the plane of 
it, be moved around the circumference without ceasing 
to pass through the point, the surface generated is called 
a conic surface, and the solid terminated by tlie surface 
is called a cone. 

II. The point is called the vertex, and the circle the 
base of tlie cone- The straight line drawn from the vertex 
to the centre of the circle, is called the axis. If the axis 
be perpendicular to the plime of the base, the cone is 
said to be right. 

III. If the generating line be produced indefinitely in 
both directions, it is evident that the surface will extend 
indefinitely both above and below the vertex. The two 
parts of it separated at the vertex, are denominated the 
upper and lower nappes of the cone respectively. 

Remark. It is evident that if a conic surface be cut 
by a plane passing through the vertex, the section will 
consist of two straight lines intersecting at the vertex. 
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THE CONE. 



PROPOSITION I. 



If a conic surface be cut iy a plane parallel to the base, 
the section is the circumference of a circle having its 
centre in the axis. 

Let ACBD [Fig. 39, Plate V.] be the base, S the 
vertex and SO the axis of a cone SACBD, and let 
A'C'B'D' be a section made by a plane parallel to 
ACBD ; then is A'C'B'D' the circumference of a circle, 
and O' its centre- 

Let any two planes ASB, CSD be drawn through the axis, 
intersecting the planes ACBD, A'C'B'D' in AB and CD, 
A'B' and CD'; then the triangles COS and C'O'S, AOS 
and A'CS are shnilar, and give 

CO : CO' : : SO : SO', 
and AG : A'O' : : SO : SO'; 

and hence we have 

CO : CO' : : AO : A'O' : 
but CO = AO; hence CO' = A'O'. 

That is, all the lines drawn from 0' to the section are 
equal, and consequently it is the circumference of a circle 
of which 0' is the centre. 

CoE. Any plane drawn through the axis of a cone 
cuts every section parallel to tlie base in its diameter- 
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CONIC S E G T I O 



PROPOSITION II. 

THEOREM. 
i/" a cone be cut by a plane meeting the conic surface 
on all sides, but not parallel to the base, the section is an 
ellipse. 

Let IMI'm [Fig. 30] be a section of a conic surface 
by, a plane meeting the surface on all side's, but not pa- 
rallel to the bEise ; then is IMI'm an ellipse- 
Produce the cutting plane IMI'm till it meet the plane 
of the base in GH; and from the centre 0, draw 00 per- 
pendicular to GH. Through OG and the vertex S, iet a 
plane SAB be drawn, intersecting the surface in the lines 
SA, SB, and the cutting plane in II' ; then draw the plaries 
FMEm, F'M'E'm' parallel to the base, and intersecting the 
cutting plane in Mm, M'm'. 

The lines AG, FE, F'E' are parallel ; so also ai'e the lines 
GH, Mm, M'm' (Geom. VI. 10) ; but AG is perpendicular 
to GH; therefore Mm and M'm' are perpendicular to FE 
and F'E'; and since FE and F'E' are diameters of the circles 
FMEm and F'M'E'm', we have (Geom. IV. 23, cor.) 

MP^ = EPxFP, 
and M'P's = E'P'xF'P'. 

But the line II', the common section of the planes SEA and 
IMI'm, making with the lines EF and E'F' and the sides of 
the cone SA and SB the similar triangles lEP and lE'P', 
I'PF and I'P'F', we ha\'e 

EP : E'P' T : IP r IP', 
and FP : F'P' : ■■ I'P : I'P'; 
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Sience, by multiplying these two proportions, 

EPxFP : E'P'XF'I" :: IPxI'P : IP'xIT'; 
and substituting for EPxFP and E'P'xF'P' their -values 
MP^ and M'F'% we. have 

MP^ : M'P'= :: IPxI'P : IP'xFF. 

That is, the squares of the ordinates to the diameter H', 
are to each other as the products of the corresponding ab- 
scissas; and hence (Chap. I. Prop. 21, cor. 1) IMI'm is an 
ellipse, and IF is one of its diameters. 

Cor. If the angles SII' and SAB are equal to each 
other, then the angle SU' is equal to the angle I'FP, and 
the triangles lEP and I'FP are similar, and give 

EP : IP : ; IP : FP, 
or EPxFP = IPxI'P; 

but EPxFP = MF^ 

hence MP^ = IPxI'P. 

Therefore, il' MP be perpendicular to 11', the section 
IMI'm will be the circumference of a circle. 

But in order that MP may be perpendicular to II', the 
straight line GH must be perpendicular to GI', and we 
shall then have GH perpendicular both to GI' and GA ; 
that is, the plane SAB must be perpendicular to the 
plane of the base, and also to the cutting plane. When 
all these circumstances meet, the cutting plane is said 
to be anti-parallel to the plane of the base. 
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PROPOSITION III. 

THEOREM. 

If a conic surface he cut 6y a plane parallel to another 
plane tangent to the surface, the section is a parabola. 

Let M'lm' [Fig. 31] be a section of a conic surface 
by a plane paj-ailel to another plane tangent to the sur- 
face ; then is M'lm' a parabola. 

Let the cutting plane meet the plane of the base in M'm': 
from the centre draw OP' perpendicular to M'm', and 
through S and OP' let a plane SAB be drawn; then if NN' 
be drawn tangent to the base at B, it will be parallel to 
M'm' (Geom. III. 9), and the plane SNN' will be the plane 
to which IM'm' is parallel. 

Draw the plane EMF parallel to the base, intersecting 
the cutting plane in Mm. Then since the intersections of 
parallel planes by a third plane are parallel, the quadri- 
lateral PFBP' is a parallelogram, and PF = P'B. But the 
similar triangles IPE and IP'A give 

EP : AP' : : IP : IF; 
and multiplying the first and second terms of this proportion 
respectively by PF and P'B, we have 

EPXPF : AP'XP'B ; : IP : IP'. 
But since EF is a diameter of the circle EMF, and MP is 
perpendicular to EF, EPxPF = MP' : 
similarly, AP'xP'B = M'P"; 

and substituting these values of EP . PF and AP' . P'B in the 
preceding proportion, we have 

MP' r M'P'^ : : IP : IP'. 

That is, the squares of the ordinates are to each other as 
the corresponding abscissas; and hence (Chap. II. Prop.ll, 
cor 2) M'lm' is a parabola, and IP' is one of its diameters. 
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PROPOSITION IV. 

THEOREM. 

If hath nappBs of a conic surface he cut hy a plane, the 
section is an hyperbola. 

If M'lm' [Fig. 33] be the section of a conic surface 
by a plane cutting both nappes, it is an hyperbola. 

Let the figure be constructed as in the preceding proposi- 
tion. Then the similar triangles EIP, AIP' give 

EP ; AP' : : IP : IP'; 
and the similar triangles FI'P, BI'P' give 
FP : BP' : : I'P : I'P'j 
and multiplying these two proportions, we have 

EPxFP : AP'xBP' ■■ : IPxI'P ; IP'xI'P'. 
But EP.FP = MP^ and AP'.BP' = M'P'^; consequently, 
Mpa : M'P'^ :: IPxI'P : IP'xI'P'. 

Hence (Chap. III. Prop. IV. cor. 1) the section is an 
hyperbola, of which II' is a diameter. 
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CHAPTER V. 



AREA OF THE ELUPSE AND PARABOLA, 



PROPOSITION I. 



The area of an ellipse is equal to the product of its 
semi-axes multiplied hy the circumference of a circle whose 
diameter is unity. 

The semi-transverse and semi-conjugate axes of an 
ellipse being designated by a and h respectively ; the 
circumference of the circle whose diameter is unity, by 
« = 3,1415926..., (Geoiii. V- 14) \ and the area of the 
ellipse by s : then, 

Let AA' [Fig. 33] be the transverse asis of an ellipse 
ABA'B'. On AA' as a diameter, describe the circumference 
of a circle ADA'D', ant! let MM' be a side of any inscribed 
polygon. From the vertices M, M', ...., of the polygon, let 
ordinates MP, M'P', ...., be drawn to the diameter AA'; and 
join the points N, N', .,.., in which these ordinates intersect 
the ellipse. A polygon will thus he inscribed in the ellipse, 
having NN' for one of its sides. 
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Let CP = X, and CF = x' ; 

then PP' = x'—x : 

also let PM = F, an.l P'M' = F'/ 

and PN = y, and FN' = y'. 

Then fGeom. IV. 7) we shall have the 

Y+Y' 
area of the trapezoid MM'P'P = —^— ■ [x'—x), 



, , NN'P'P _ y+y- 

a"d hence, ^^^^- - y^. 

But (Chap. I. Prop. VII.), 

Y ■■ y ■■■■ 2a : 2h, or y = -Y, 

an(i F': y' : ^ 2a : 26, or i/'= ^F'; 

and hence y+y' = -{Y+Y'), 

NN'P'P _ h_ 
MM'P'P «■ 

In like manner, it may be shown that each of the trape- 
zoids composing the polygon inscribed in the ellipse, is to 
the corresponding trapezoid of the polygon inscribed in the 
circle, in the ratio of 6 to a; from which we infer that the 
sum of all the first trapezoids, or the polygon inscribed in 
the ellipse, is to the polygon inscribed in the circle, in the 
same ratio. If then we denote these polygons by f and P, 
■we shall have 

J) _ 6 



therefore 
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As this relation is true, whatever be the number of sides 
of tlie two polygonS) it is true when that number is in- 
definitely increased; in which case the one polygon coincides 
with the ellipse, and the other with the circle. Representing 
then the surface of the ellipse by s, and that of the circle 
by S, we have 



Now n being the circumference of Uie circle whose dia- 
meter is 1, we have 2 an for the circumference of the circle 
whose diameter is 2o, (Geom. V. 11); and therefore (Geom. 
V. 12) the area S = o?ft. 

Hence, s — -.S — -.a^t = aha. 



PROPOSITION n. 

THEOREM. 

The area of any semi-segment of a parabola is equal 
to two-thirds of the rectangle constructed on its extreme 
abscissa and ordinate. 

Let AX [Fig. 34] be the axis of a parabola MAm. 
Construct the rectangle APMQ ; then, 
AMP = I APMQ = %xy. 

On the arc AM assume a series of points M, M', M", ...., 
and through them draw perpendiculars and parallels to the 
axis AX ; there will thus be formed a series of interior 

rectangles RPFM', R"FP"M", ; and also a series of 

exterior rectangles R'QQ'M', R'"Q'Q"M", Then de- 
noting by X, x' , x", ...., the abscissas, and by y, y', y", ...., 
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87 



the ordinatus of the points M, M', M", ,..,; and also hy *■ 
the aiea of the interior rectangle RPP'M', and hy t the area 
of the coiiesponding exterior rectangle R'QQ'M', we have 

and t = x'{y—y'); 

and hence, by division, 

s ^ y'{ x-x') 

But as M and M' are pointsof the curve (Chap. II. Prop. II.), 

and hence x = '^, x' = '^—, and x—x' = ^ ~^- . 

V f P 

Substituting these values of : 
equation, we get 

1 = v'( f-f^) ^ y+y' 
* y'Xy-y') 

Denoting the areas of the remaining interior and exterior 
rectangles respectively by s\ s", ...., and t', t", ...., and 
reasoning in a similar manner with regard to each of them, 






L the abov( 



= 1 + ^ 



e shall have 



1+^ 



But as the position of the points M, M', M", ..,., is arbitrary, 
they may be so taken as to give the series of equal ratios 



l+w» 



J^ = ^ = iL = 

y, yU yn, 

(m being a constant traction which we may assume as small 
as we please;) and this will be effected by taking on AY 
the lines 



1 



AQ" = AQ', 



1 



:yGoogIe 



CONIC SECTIONS. 



and drawing parallels to AX through the points Q', Q", ...., 
intersecting the curve in the required points M', M", 



HencCj ty substitution, the ratios - 



and we have (Geom. II. 10), 
s+s'+s-"+.... 



2+m 



t+t'+t"+..: 

That is, the ratio of the sum of the interior to the sum of 
the exterior rectangles is equal to a constant quantity 2+m. 

Now it is evident that if we suppose m to diminish, the 
sum of the interior rectangles will approach to the semi- 
segment AMP, ant! the sum of the exterior rectangles to the 
area AMQ. If then we pass to the limit by making m = 0, 
we shall have 

AMP 

AMQ ' 

or AMP = 2 AMQ; 

and hence APMQ = 3 AMQ : consequently, 

AMP = 2AMQ = lAPMQ = Ixy. 



:yGoogIe 



CHAPTER YI. 



CUBVATURE OF TlIE ELLIPSE AND PARABOLA. 

The curvature of a curve, at any point, is its deflection 
from its tangent at that point. 

Thus let AMB [Fig. 35] represent any curve whatever, 
and let TT' be a tangent to the curve at the point M; then 
the curvature of AMB at M is its ileflection from TT' at that 
point. 

The curvature at M is measured by the angle TMM', 
formed by the tangent MT, and MM' an ai-c of tlie curve 
so small that it may be considered a straight line. 

Let the straight line MC be drawn perpendicular to 
TT' ; and through M suppose a number of arcs of circles 
to be described, all having their centres in MC, and 
some of them passing at the point M without the arc 
M'M", others within it- Those which pass witliout the 
curve have evidently a less curvature than the curve has 
at M, and those which pass within the curve have a 
greater curvature, ^ow between these two systems of 
circles we may conceive a circle to be described, which 
shall lie neither within nor without tlie curve at the point 
M, but which shall coincide with an indefinitely small 
arc M'M" of the curve at that point. This circle is called 
the osculating circle of the curve at the point M ; and as 
it may be considered as having the same curvature that 
the curve itself has at that point, its radius is called the 
radius of curvature of the curve at the point M. 

(Oin. Stdions.) 19 
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I'he lengtli of the radius of cur\'atiire, at anj' point of 
a curvo, indicates the degree of curvature at that point ; 
for as the angle TMM', or the measure of the curvature, 
increases, the radius of curvature diminishes, and con- 
vt^rsely. 

PROPOSITION I. 

THEOREM. 

The radius of curvature of an ellipse, at any point, is 
equal to the square of the semi-conjugate to tlte diameter 
passing through t!te point, divided by the perpendicular 
drawn from the centre of the ellipse to the tangent at tlte 
point. 

At M any point of the ellipse ABA'B' [Fig. 36] let 
the tangent TT' be drawn. Draw the diameter MM"', 
and NN' conjugate to it ; and from M' infinitely near 
M, draw M'M" parallel to tlie tangent. Draw also CR' 
and MC perpendicular to the tangent, and let MC be 
the radius of cm-vature at the point M ; tlien will 

- = §f- 

Since MM' is an hifinitely small arc of the ellip.se, it will 
lie in the circumference described with the radius of curva- 
ture MC; and hence MM' may be considered as an arc of 
the circle of which MC is the radius. We therefore have 
(Geom. IV. 23, cor.) 

M'0'= = M0'(2MC— MO'); 

or, as MO' maybe neglected in comparison with 2 MC, 

M'O" - M0'x2MC; 

M'O'^ 

and hence we have MC — ^-,„ -. 

2 MO 
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or, as 00' is infinitely small compared with M'O'*, 

^^ = 2-MO'- 
But (Cliap. I. Prop. XXI.) 

M'O' : (2MC-M0)M0 ; ; CN^ : MC=, 
or, as MO is infinitely small compared with 2 MC, 
M'O^ : 2MCXM0 : : CW : MC=; 

,,„^, 2MCxM0xCN^ 
and hence -vl V — — i;:fp5~" ■ 

And the similar triangles MOO', MCR give 
MO : MO' : ; MC : MR, 

and hence MO = — :rr— — . 

MO 

Substituting the values of M'O^ and MO' in the ahove 

expression for MC, we have 

2MCxM0xC Ns 

^ _ MC 

Mb — "" (, n,rn^n;iij 



MR 
' CR ■ 



-[A] 



* We have (Geom. IV. S3, cor.), 

(MC'+C'O') : M'O' :: M'O' : O'M- 
M'O' is infinitely small with respect to (MC'+C'O') : hence MC is in- 
finitely amall, compared with M'O'i that is, it is infinitely small, com- 
pared with an infinitely small quantity, or is o« infinitely small quantity 
of the second order. 

But, by similar triangles, we have 

CR : EM :: 00' : O'M, 
and CR and RM ai'e both finite, and therefore tiuantities of the snniB 
order; consequently 00' and O'M are of the same order, and therefore 
00' is an infinitely small quantity of the second order. Hence 00' may 
be neglected in comparison with M'O'. 
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Cor. I- The radius of curvature at any point of an 
ellipse, is equal to the product of the squares of the semi- 
axes, divided by the cube of the perpendiculai- drawn 
from the centre of the ellipse to the tangent at the point- 

From Chap. I. Prop. XXIII. cor. 1, we get 

_ BC-XAC" 

and(Eqi,a.[A]), MC = jjj ; 

hence by substitution we have 

EC^xAC^ 

_ BCxAC* 
~ ME' 
BC'XAC" 



CE" 



-m 



Cor. II. The radius of curvature at any point is equal 
to the semi-parameter, multiplied by the cube of the ratio 
of the radius vector of the point, to the perpendicular 
let fall from either focus upon the tangent at the point- 

The triangles MF'Y, MGE. are similar, because of the 
right angles at Y and R, and the alternate angles at M and 
F', and give 

MR : MG r : F'Y : F'M. 
But (Chap. I. Prop. XVII.), MG = AC; 
hence MR : AC : : F'Y : F'M, 

ACxF'Y 
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This value of MR, substituted in .Equation [B], g 
BC=xAC= 



AC'xF-Y' 
F'M= 

= 52." X ?!^ 
AC FY' 

3'VF'yJ ■ 

Cor. III. The radius oi' curvature at any point is equal 
to the cube of half the diameter which is conjugate to 
the diameter drawn through the point, divided hy the 
rectangle of the axes. 

From Chap, I. Prop. XXIII. cor. 1, we get 

hence by substitution in Equation [A], we have 

MP' = CN^ _ CN^ 

ECxAC BOX AC 

CN 

Cor. IV. The radius of cm-vature at any point varies 
directly as the cube of the normal to the curve at thai 
point. 

Draw the ordinates MP, MP'; then the angles CT'T 

MQT, l)eing each the complement of the angle T'TC, art 

equal, and hence the triangles CR'T', MPQ are similar, anc 

give CR' : CT' : : MP : MQ, 

or CR'XMQ = MPXOT', 

or MRxMQ = CP'xCT', 

CP'XCT' 
and MR = —.737^ — . 
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But (Chap. I. Prop. XVI. cor. 3), CP'xOT' = BC^ 



hence 






MR 


MQ' 






and this 


value 


of MR, suits 


tiluted in Equation [B], 


gives 








MC 


BC'xAC^ 
BC" 






but the 


ratio 


AC= 


is constant for the san- 


1= clli, 


jse, anil 


therefort 


. MC 




1 as the 


cube of MQ. 







PROPOSITION II. 



The radius of curvature of a parabola, at any point, is 
equal to twice the square of the radius vector drawn to the 
point, divided hy the perpendicular let fall from the focus 
upon the tangent at the point. 

At M any point of the parabola WAW'' [Fig. 37], 
let the tangent TT' be drawn. Draw the diameter 
DMX'; and from M', infinitely near M, draw M'M" 
parallel to Tl". From M and the focus F draw also 
MC, FI, each perpendicular to TT' ; and let MC be 
the radius of curvature. Then will 

MC - ?IH-. 
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Since MM' may be considered as an arc of tlie circle of 
which MC is llie radius, we have, as in the preceding pro- 
position, 

«^'-^. - -P] 

Now as O'P" may be neglected in comparison with M'P", 
we have M'O" = M'P"^ = 4 MDxMP" (Ch. 11. Prop. XT.) 
= 4FMxMP". 

Also the triangles MO'O", MFI, being right-angled at 0' 
and I, and having the angles at F and M equal, are similar, 
and give 

MO" : MO' : : FM : FI; 

and hence MO' 



FM 



But since the angles MO"P", MP"0" are equal respectively 

to the angles TMO", T'MP", and TMO" is equal to T'MP" 

(Chap. II. Prop. IV. cor. 3), we have 

MO"P" = MP"0", 

and henct MO" = MP"; 

,,^, FIxMP" 

consequently J\tO = — ---- — . 

Substituting these values of M'C and MO' in Equa. [C], 
we get 

= J FMXMP" 
2FIxMP" 
FM 

_ 2FM' 
FI • 
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OoR. The radius of cui-vature of the parabola is equal 
to the serai-parameter, multiplied by the cube of the ratio 
of the radius vector of the point, to the perpendicular 
drawn from the focus to the tangent at the point. 

Since FAXFM - FF, (Chap. II. Prop. V. cot.) 

FAXFM , , 

Tl— - 1, « have 

2FiP FAxFM 
MC - -^ X -jj^ 



= — (EM)- 
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